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3KCTPEMAJlbHbIE H AnnPOKCHMATHBHblE CBOHCTBA 
HAHnPOCTEHUIHX ^POBEH 

B. H. AAHHEHKO, M. a. KOMAPOB, n. B. HYHAEB 


Ahhotali,IIH. HaHnpocTefiniHMH apoGhmh (HA) no npefljiojKenHio E. H. AoJi- 
>KeHKO B TeopHH annpoKCHMapHH nasbiBaiOT jiorapncjDMHHecKHe nponsBO^Hbie kom- 
njiBKCHbix MHoroHjienoB. C HA CBasano mhofo pemenHbix h nepemeHHbix aa^an 
OKCTpeMajiBHoro xapaxTepa, BOCxoflHmHx k pa6oTaM A*^- ByJin, A. A*- Ma- 
KHHTaftpa, y. X. A*^- ‘I’yKca, M. MapcTpan^a, E. A. FopHna, A. A. Fonnapa, 
E. H. AO'HJKeHKO. B HacTOHipee bpcmh mhobhmh asTopaMH cncTeMaTHHecKH paa- 
BHBaiOTCH MOTO^bi annpoKCHMapHH H HHTepnojiapHH nocpeflCTBOM HA n hoko- 
Topbix Hx MOflHi^HKapHH. HapajijiejiBHO fijin HA BoaHHKaiOT CMe>KHbie aa;i,aHH: 
nepaBCHCTBa paantix mctphk, openKH nponaBO^Hbix, paa^ejicnne ocoGenHOCTeli h 
^ p., npeflCTaBjiHioni;He caMOCTOHTejiBHbiH HHTepec. 

Bo BBOflHOH HacTH o6aopa b KaKoft-TO Mepe CHCTeMaTHanpoBanbi naBecTHBie 
aBTopaM aaflaHH Taxoro po^a, a b ochobhoh nacTH cc|)opMyjiHpoBaHbi ocnoBHbie 
peayjibTaTbi h no BoaMOJKHOCTH naMenenbi moto^bi hx ;i,OKaaaTejibCTB. 
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1. Bbeaehhe. Hctophh bohpocob 

HaHnpocxeiimHMH ^poGhmh (HA) nopn^Ka He BBime n = OA, • • • HasBiBaioxcH 
papHOHajiBHBie ^poGn BH^a 

1 — 

(1) Po{z) = 0, Pn{z) = ^ ——, n eN, z, Zk e C, 

k=i ^ 

r^e npH Zk = oo cHHxaeM = 0. OneBn^Ho, HA Pn{z) HBjuiexcH jiorapncJiMHHe- 
CKoii npoH3BOflHOH MHoroHjiena Qn(z) = 11^=1 ~ r^e npn Zk = oo cHHxaeM 

z — Zk = 1- HpHBe^eM KpaxKyio HHcJiopMapHio o6 ochobhbix cxaptix h hobbix aa^a- 
Hax, cBHaaHHbix c HA, h coBpeMeHHOM cocxohhhh xeopHH HA- 
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B. H. /lAHHEHKO, M. A. KOMAPOB, U. B. MYHAEB 


1.1. Oii,eHKH KapTaHOBCKoro THna. MexpHBecKHe cBoflcxa cHcxeMaxHBecKH 
HanajiH nayBaxtcH b pa6oxax ^>k. ByjiH j3], A. /!,*;. MaKHHxanpa h Y. X. /!,*;. Oyx- 
ca [H], ^>K. M. Mapcxpan^a [19], A. A. FoKBapa |36H38], E. IT. /I,ojiJKeHKo |MI - [67] . 
Tax HjiH HHaBe, Gojibiuhhcxbo Hccjie^oBaHHH Gbijio cBasano c Mexo^oM noxpBixHH 
A. Kapxana |1]. IlepBBie openKH KapxanoBCKoro xnna H/I, Gbijih nojiyBenBi 
B |18) . IlpH 5 > 0 H n G N nojiojKHM 

E{pn;5) = {z: \pn{z)\ > 5}; L{pn, 5) = inf diam (dj), 

r^e HHJKHHH rpaHB 6epexc3 no bcbm KonennBiM naGopan npyroB dj, ^Jin Koxopwx 
E{pn]S) C Udj. B |18] noKaaano, nxo neaaBHCHMo ox pacnojiojKennn nojiiocoB H/I, 

(2) L(p„; (5) ^ const • A(?7,) 5“^, const > 0, n G N, 

c A{n) = n(l + ln?7,). Ecjih jkc bcc nojnocBi Zk nencax na npnMon, xo openxa ([2]) Bcp- 
na c A{n) = n n ona xonna no nopn^xy BejinnnnBi n (cm. [3l[T8]). Boannx Bonpoc 
o xonnocxH BejinnnnBi A{n) b o6ni;eM cjiynae jlS]: nyncen jin jiorapncJiMHnecxHH 
MnoJXHxejiB? Hacxnnno na oxox Bonpoc ^an oxbcx b [19], r^e npnBe^en npnMcp, xo- 
r^a cnpaBe^jiHBa openxa, npoxHBonojiojxnan ([2]) c A(n) = n-^lnn/ In Inn, n ^ no. 
B 2005 r. /I,>x. M. An^epconoM n B. 51. 3HflepManoM mm China nojiynena oxon- 
naxejiBnan xonnan no nopn^xy openxa ([2]) c A(n) = ny/hvn. 

Paannie MOflH(|)Hxan,HH noxpnixnn n openox xapxanoBcxoro xnna npnMennjincB 
E. n. /I,oji>xenxo m, H. B. FoBopoBBiM H K). n. JIanenxo |34| : onn cnirpajin Ba>x- 
nyx) pojiB B oOpaxnnix xeopcMax xeopnn papnonajiBnwx annpoxcHMapnii. HanGojiee 
o6ni;He pesyjiBxaxw no oxoii xcMaxnxe nepanno nojiynenni b paOoxe B. 51. 3HpepMa- 
na |106] . rpe bmccxo H,ZI, opennaanncn noxenpnajiBi Komn f (z — ()~^dp(() c xom- 
njiexcnoH Mcpon p. 

1.2. Sapana ropHHa-He6bimeBa. /Ipyron xpyr aapan pjin H/I, cBnaan c npoOjie- 
MOH E. A. Fopnna [35] o6 openxe Bejinnnn 

(3) = inf {y(p„) : ||pn||Lp(R) = l} , 1 < p ^ oo, 

rpe V(pn) = BiiBA:=T;n 11™ I • Hccjiojxno npoBcpnxB [17], nxo 

dn(R,p) = inf |>"(Pn)||Prx||l^(K)} , p~^ + q~^ = 1, 

rpe nncJiHMyM Gepexcn no bccm H/I, Bnpa ([T]), ne HMeron^HM nojnocoB na M. Cjiepo- 
BaxejiBno, aapany Fopnna MOJxno nnxepnpexnpoBaxB xax aapany o Bejinnnne nan- 
jiynmero npnGjinjxennn nyjin (naHMentniero yxjionennn ox nyjin) b Mcxpnxe Lp(R) 
B xjiacce H/I, aapannoro nopnpxa n, npn ycjiOBnn, nxo Bce onn hmciox oGn^nn (|)hx- 
cnpoBannwH nojnoc, nanpnMcp, = F B oxom cmbicjic sapana Fopnna nBjinexcn 
onpepejiennwM anajioroM xjiaccnnecxon oxcxpeMajiBnon aapann HeGnimeBa o nan- 
MenBmeM yxjionennn ox nyjin ynnxapnoro Mnoronjiena cJinxcnpoBannon cxenenn. 

Bonpoc o npnnpnnnajiBnoH B03MO>xnocxn openxn cnnsy pjin (in(R, cxo) BCJinnn- 
noH0 A(n) > 0, 3aBncnni;eH jinmn ox n, Chin nocxaBjien n nojiojxnxejinno pemen b 
1962 r. E. A. FopnnniM [35]. B 1965 r. E. F. HnxojiacB [9l] poxa3aji, nxo 

(i„(M,oo) ^ 2(\/2-l)’"-\ nGM. 

nepea A{-, •,...) (c KHpexcaMH h 6e3 hhx) oGosHanaiOTCH KonenHbie nojiojKHTejibHbie ee- 
jiHnHHbi, saBHCHmne jinnib ot yKaaanHbix apryMenTOB h, BOo6iii,e roBopa, pasjiHnnBie b paajiHHHbix 
(fjopMyjiax. 
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Oh THKHce HocTaBHji Bonpoc o TOHHOCTH 3TOH opeHKH H cjiB^yioniyio npo6jieMy: 
Boo6ni;e, cxpeMaxcH jih dn{^,oo) k Hyjiio npn n —)■ oo? B 1966 r. cyn^ecxBeHHoe 
yxoHHeHHe npe^Bi^ymefi opeHKH nojiyneHo A. O. rejiB(|)OHflOM |33) : 

cxd) > (17 Inn)”^, n ^ tiq. 

B. 3. KapnejibcoH j69] nojiynHji neKoxopoe yxonnenHe sxoii opeHKH, ho npn xom jkb 
jiorapHcJiMHHecKOM Hopa^Ke yGbiBaHHH MHHopanxBi. Bonpocbi, ccJiopMyjiHpoBaHHBie 
E. r. HHKOJiaeBBiM, ocxaBajiHCB oxkpbixbimh. B 1994 r. oKOHHaxejiBHBiii peayjiBxax 
6 biji ycxaHOBjien b HZI: 

, _ , In Inn 

dn(^, oo) X --. 

Inn 

KpoMe xoro, oKaaajiocb HU. HXO npH KOHeHHbIX p BejIHHHHbl p) K HyjHO He 

yGninaiox h 

(4) inf(i„(M,p) ^ A{p), A{p) := sin^( 7 rp“^). 

n 

3xa opeHKa 6bijia necKOJiBKo yxonnena b |29| (cm. m) ; Bonpoc o xohhoh BejiHHHHe 
A{p) ocxaexcH oxkpbixbim. 

PaccMaxpHBajiacB anajiorHHHaH 3ap,aHa p;jih noxenpHajia Kohih f (z — ()~^d/u(() 
HeoxpHpaxejiBHOH GopejieBCKoil Mepni ju, supp p C C"*", h nojiyneHa opeHKa cHHsy 
ycpep;HeHHoro paccxoHHHH ox supp p po p,eHcxBHxejiBHOH och |48) . 

1.3. MoflHcJ)HKaLi,HH 3a/i,aHH ropHna-HeSnimeBa. PaccMaxpHBajiHcn mop;h(|)h- 
KapHH 3ap;aHH o (i„(M,p) c 3aMeHOH M na p;pyrHe MHOHcecxBa (oKpyjKHocxH, ox- 
pe3KH, JiyHH, yrjiBi h p;p.). HanGojiBrnyio xpyp,HocxB npep;cxaBji5Hox Bcerp,a opeHKH 
npH p = cxD. B cjiynae jiHnynoBCKHx kphbbix 7 nojiyneHa cjiaGaa sKBHBajieHXHocxb 
[49] : dn{'y,oo) X A( 7 )n“Onn. B cjiynae oxpe3Ka HMeeM (i„([— 1,1], 00 ) x n“^ln^n 
(cm. [63]). B [89] HOJiyHCHa opeHKa cnusy xaKoro jkc nop5i7;Ka b cjiynae xaK Ha3BiBa- 
CMBix cnpHMjiHeMbix KOMHaKxo^. Bo Bcex 3XHX cjiynanx, KaK h b cjiynae npnMOH, 
npo6jieMy mojkho xpaKxoBaxb KaK 3ap;aHy PopHHa-HeGbimeBa o H/],, HaHMenee yKjio- 
HHiomeHCH ox HyjiH npH ycjioBHH 3aKpenjieHHocxH o7;Horo nojiioca. TaKHe 3Kcxpe- 
MajIBHBie H 6jIH3KHe K 3KCXpeMajIBHBIM H/I, B pa3HbIX MexpHKaX Ha [—1, 1] HaH7;eHBI 
B [Tj. npep;cxaBji5iex HHxepec h 7;pyraH M07,H4)HKaH;HH 3ap,aHH PopHna-HeGBimeBa o 
CO cbo6o7;hbimh nojiiocaMH, HaHMenee yKjioHHiomeHCH ox HeHyjieBoii KOHcxan- 
XBI. BmOCXO KOHCXaHX B 3XOH 3ap,aHe paCCMaxpHBajIHCB H 7;po6HO-JIHHeHHBie 4)yHK- 

PHH [SHllznilHlllSe]. 


1.4. Banana PejibcJjOHfla. A. O. PejiB(|)OHp; [33] paccMaxpHBaji 3ap,aHy 06 openne 
paCCXOHHHH (i(j(R, 00 ) XHHa ([3]), HO C HOpMHpOBKOH npOH3BOpHOH: ||p(j|1 LooW ^ 1- 
B |33) Gnijia nojiynena openna cHH3y pjiH (i(j(R, oo), ho pobojibho HexonnaH, ho- 
cHmaH CKopee KanecxBeHHbiH xapaKxep. B na poKa3aHa cjia6aH oKBHBajienxHocxB 
yKa3aHHbix paccxoHHHH c BejiHHHHOH n“^/^ Inn, ho npn ponojiHHxejibHOM ycjioBHH, 
HXO Bce HOJHOCBI H/I, jiexcax b BepxHen nojiynjiocKocxH. B oOipeM xce cjiynae H3Becx- 
Ho [HI], HXO paccxoHHHH (i(j(R, oo) oxpaHHHeHBi cHH3y BejiHHHHOH const • V n~^ Inn, 
n ^ 2. Bonpoc o xohhocxh ho nopapKy ocxaexcn oxkpbixbim. 

^KoMnaKT K nasbiBaeTCH cnpHMjiaeMbiM, ecjiH oh ho paaGnsaeT hjidckoctb h cyn^ecTByeT TaKaa 
nojiojKHTejiBHaa: BejiHHHHa a{K) < oo, hto jiioGbie pBe ero tohkh mojkho coepHHHTb KpHBOii L G K 
pjiHHbi 7 a(ii'). 
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1.5. HepaBencTBa pasHbix MexpHK h openKH npoMSBO^HBix Obchkh 

Lp-HOpM 3aBHCHIIi;He 3BH0 OT nOJIIOCOB Zk, GbIJIH HaH^eHBI B. K). IIpOTaCOBBIM, 

H. P. KaioMOBBiM, A. B. KaioMOBOH h ;];p. [5I1II0HZ31I98]. OcoGbih HHxepec npe^- 
cxaBjiaioT HepaBencxBa pasHBix MexpHK (xepMHH C. M. Hhkojibckoxo), x.e. openKH 
Lp-HopM H/I, cBepxy nepes hx L^-hopmbi na pasHBix MHoxcecxBax npn pasjiHBHBix 
p > 1 H r > 1. JXjis ajireGpaHBecKHx h xpnroHOMexpHBecKHx MHoroBjieHOB xaKoro 
pop,a opeHKH Ha orpaHHHeHHBix npoMexcyxKax K G M. npn p > r (xojibko 3xox 
cjiynafi h npep,cxaBjiHex HHxepec, x.k. npn p < r opeHKH nojiynaioxcH h 3 nepaBen- 
cxBa rejiBp;epa) xopomo H3BecxHBi 6jiarop;ap5i KjiaccHHecKHM pa6oxaM J\. ^xceKcona, 
C. M. Hhkojibckoxo, H. K. Bapn, C. B. CxcHKHHa, B. B. ApecxoBa, JI. B. TafiKOBa, 
r. Cere, A. 3HrMyHp,a, H. JI. yjiBHHOBa, M. K. HoxanoBa, H. BopBefina, A. Th- 
Mana, H. H. HGpaxHMOBa h mhoxhx p;pyrHx aBxopoB (cm., nanpHMep, [28l|95l|99]). 
HanoMHHM, Hxo nepBBiM pe3yjiBxaxoM xaKoro pop;a HBjiHexcH cjiep;yioiii;ee Hepaaen- 
cxBo ,Z],>KeKcoHa-HHKOJiBCKoro p,ji5i ajireGpaHHecKHx MHoroHjienoB cxenenn ^ n: 

( 5 ) \\Pn\\Lj,(K) ^ A{K,p,r)n^-~p\\Pn\\Lr{K), p > T ^ 1. 

B oxjiHHHe ox cjiynan MHoroHjienoB, HepaBencxBa pa3HBix MexpHK p;jiH H/I, HejiHHefi- 
HBi oxHocHxejiBHo cpaBHHBaeMBix HopM, cop;ep>KaxejiBHBi H Ha GecKOHeHHBix npoMe- 
jKyxKax H npH npoH3BOJiBHOM cooxHomeHHH Me>Kp,y p H r (npn p < r ohh xaKxce He 
HBjiHioxcH xpHBHajiBHBiMH H He cjiep,yiox H3 HepaBeHcxBa rejiBp;epa p,a>Ke na Konen- 
HBix npoMejKyxKax) [57] . npHBep;eM op,Ho xaKoe HepaBencxBo npn p = oo m-- 

(6) llpnlll„(«) < ^(r) ■ lIPnlll^K), r>l, r-‘ + s-‘ = l, 

rp,e A{r) < 2r sin“®(7rr“^). OxMexHM, hxo b p;aHHOM cjiynae openna ne 3aBHCHx ox 
HopapKa H,ZI„ opnaKo xanaa 3aBHCHMocxB noHBjiHexcH b cjiynae p < r, a xaKxce npn 
opeHKax Ha orpaHHHeHHBix MHOJKecxBax. 3xo HepaBencxBo pacnpocxpaHHjiocB na 
ppyrne MexpHKH h MHoxcecxEa b pa6oxax mm- 

C HepaBeHcxBaMH pa3HBix MexpHK xecHo cBH3aHBi opeHKH xHHa MapKOBa-BepH- 
IHXeHHa PJIH npOH3BOpHBIX H/I, miiniEiiET]. HanpHMep, b EH noKa3aHo, hxo ecjiH 
Ha [—1,1] H,I[, pn BerpecxBeHHOBHaHHa h ee MopyjiB orpaHHHen epHHHpeii, xo 

(7) \/l-x‘^\p'^{x)\ ^ n(l + £„), a:e[-l,l], 

PJIH HeKOXOpBIX HOJIOJKHXejIBHBIX £„ —)■ 0 HpH 71 ^ OO, HpHHeM OpOHKa HBJIHeXCH 
XOHHOH HO HOpjipKy BejIHHHHBI 71 

1.6. HHxepnojiapHa anajiHTHHecKHx cJjyHKpHfi. YcxaHOBjieHo |53[[Ml[6n| l88]. 

HXO HJJ Uade (H,!!, n-KpaxHofl HHxepnojiHpHH c ophhm y3JioM) Bcerpa cyipecxByex h 
epHHcxBeHHa. HpepiioxcenBi pa3JiHHHBie KOHcxpyxpHH H,II, Hape h opeHKH norpem- 
HocxH. HanpHMep, b jSU] npHMeHHjiocB npepcxaBjieHHe H/I, Hape b BHpe HHxerpajia 
3pMHxa, Hanpena HBHaa cJiopMyjia pjiH ocxaxoHHoro Hjiena h nojiynenBi ero opeHKH. 

B 3apaHe HHxepnojiapHH c pasAuunuMu y3JiaMH BonpocBi o pa3pemHMocxH h 
epHHcxBeHHocxH 3HaHHxejiBHo ycjiojKHHioxcH H, Boo6ipe rOBOpa, He HMeiOX OpHO- 
3HaHHoro oxBexa. Cbhbb ocoGennocxen oxoh 3apaHH c ajireGpaHHecKoii cxpyKxypofi 
HHxepnojiapHOHHBix xa6jiHp HccjiepoBajiacB b [581I59U84] h ppyrnx pa6oxax. Baepeno 
HOHHXHe o6o6vLt,eH7iou HHxepnojiapHH xa6jiHp, oxBaxBiBaioipee h oGaiHHyio HHxepno- 
jiapHio [591180] . HanGojiee oOipne peayjiBxaxBi o cyipecxBOBaHHH h epHHcxBeHHocxH 
pemeHHa aapann HHxepnojiapHH nojiyneHai MexopoM pepyKpHH k nojiHHOMHajiBHOH 
HHxepnojiapHH [80] . 
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1.7. AnnpoKCHMaii,H5i nocpeflCTBOM na KOMnaKTax. yKaaaHHbie b sa 

Hccjie^oBaHHH npHBejiH k 6ojiee o6iii;eH aa^ane annpoKCHMapHH nenpepBiBHBix (JiyHK- 
u,HH Ha paajiHHHBix no^MHOJKecTBax KOMHjieKCHOH HjiocKocTH. HeaaBHCHMo aa^ana 
npHGjIHJKeHHH anajIHTHHeCKHX cJiyHKpHH B OrpaHHHeHHBIX JKOp^aHOBBIX oGjiaCTHX G 
nocpe^cTBOM BoaHHKjia b paGoxax /!,*;. KopeBaapa, H. Hyn h K. IIIeHa f ^lGlITT] . 
B HHx Ghijia npefljiojKena cnepnajiBHaH KOHcxpyKpHH annpoKCHMHpyiomHx c no- 
jHocaMH Ha rpaHHpax dG. 

0;];Ha Ha moxhbhpobok annpoKCHMapHH nocpe^cxBOM aaKjiioHeHa b hx npo- 
CXOM H BaJKHOM (JiHaHHeCKOM CMBICJie: OHH aa^aiox (c XOHHOCXBK) flO HOCXOHHHBIX 
MHOJKHxejiefl H onepapHH KOMHjieKCHoro conpHJKeHHn) njiocKHe hojih paajiHHHOH 
npHpO^BI, COa^aBaeMBie paBHOBejIHKHMH HCXOHHHKaMH, paCHOJIOJKeHHBIMH B XOHKaX 
Zk- B 3XOM CMBICJie aa^any annpoKCHMapHH nocpe^cxBOM H/I, mojkho HHxepnpexH- 
poBaxB KaK aa^any o paaMeipeHHH hcxohhhkob Zk, coa^aiomHx aapanee aa^aHHoe 
HOJie. 

CncxeMaxHHecKoe HayneHne H/I, co cboGo^hbimh nojiiocaMH KaK annapaxa npn- 
6jiH>KeHH5i HanajiGCB b 1999 r., Kor^a 6biji ^oKaaaH anajior nojiHHOMHajiBHOH xeope- 
MBi C. H. MeprejiHHa |100[ ^.1]; ak) 6 o 80 KOMnaxma K co cbashum donoAHCHucM 

A'K) 6 yw HenpepueHym na K (^yuKyum, aHaAnmuHecKym eo enympcHHUx mouKax na 
K , MOCHCHO cKOAh ysoduo moHHo npu6AU3umt> nocpedcmeoM H/J [5^154] . IIpH sxom, 
KaK HOKaaaji O. H. KocyxHH |87], ^jih ninpoKoro Kjiacca KOMnaKxoB h cJiyHKpHH cko- 
pocxH paBHOMepHoro npnGjiHJKeHHH nocpe^cxBOM H/I, h KOMHjieKCHBix MHoroHjienoB 
HMeiOX O^HHaKOBBIH HOpH^OK. 3x0 HOaBOJIHJIO O. H. KoCyXHHy HOJiyHHXB flJIH 
pHfl aHajioroB KjiaccHHecKHx xeopeM ^xceKcona, C. H. BepHinxenna, A. Bhx- 
MyH^a, B. K. /!,*;. JI. yojima. Ha ^ajiBHeHiHHx Hccjie^oBaHHH, o^HaKo, 

cxajio HCHo, Hxo HMeioxcH H anaHHxejiBHBie paajiHHHH Mexc^y annpoKCHMaxHBHBi- 
MH CBOHCXBaMH H/I, H HOJIHHOMOB (cM. ^8.ip . CoGcXBeHHO, HMeHHO 3XH paajIHHHH H 
BBiaBIBaiOX flOHOJIHHXejIBHBIH HHXepeC K HayHeHHIO H/I,. 

Hccjie^oBajiHCB annpoKCHMaxHBHBie cBoilcxBa HeKoxopnix ^pyrnx KOHcxpyKpHH 
ocHOBaHHBix Ha H/I,. HanpHMep, b |49l[5nl[6n] BBe^eHBi ^po6h BH^a 


— V 


Q/ N ^ Pn^jz) - pn2iz) 

PnM-PnM' 



r^e p - pejioe hhcjio, Zk ^ 0, a npn Zk = oo cHHxaeM, hxo cooxBexcxByroipee cjia- 
raeMoe = 0, xaK hxo Pn{z) = pn{0,z), pn^. — H/],. HoKaaano, hxo npn p ^ 0 p,ji5i 
p;po6eH pn{p,z) xaKxce cnpaBep,jiHB anajior nojiHHOMHajiBHOH xeopeMBi Meprejiana. 
Hpn p < 0 3X0 yjKe neBepno (SD] • 

Hxo KacaexcH p;po6H 0, xo OKaaajiocb, hxo xaKoe HeanaHHxejiBHoe ycjioxcHeHHe 
BHp;a npHBop;Hx k anaHHxejiBHo Gojiee chjibhbim annpoKCHMaxHBHBiM cBOHcxBaM. 
Hmchho, jiioGaa papHonajiBHaH cjDyHKpHH R cxenenn m npn KaJKp;oM naxypajiBHOM 
q MOJKex 6 bixb npnGjiHJKeHa HCKoxopofl p;po6Bio 0, b Koxopofi Bce Uk ne npeBocxop;Hx 
gm, xaK, hxo |49ll60] 





Oxciop;a bhp,ho, hxo b o6iii;eM cjiynae cKopocxB annpoKCHMapHH p;po65iMH 0 ropaap;o 
BBi iii e, HeM MHoroHjieHaMH (xoh JKe cxenenn, hxo h 0), h BecBMa Gjinaxa no nop5ip,Ky 
K cKopocxH annpoKCHMapHH papHOHajiBHBiMH (JiyHKpHHMH o6iii;ero BHp;a |49) . 
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1.8. HaHJiyniuHe npH6jiH:a<;eHH5i na OTpesKe fleftcTBHTejibHO och. PaccMax- 
pHBajiacb aa^ana o HanjiyBineM npnGjiHJKeHHH BemecxBeHHbix nenpepBiBHBix cJiyHK- 
u,HH Ha oxpesKax ^eHcxBHxejiBHofl och nocpe^cxBOM BemecxBeHHoanaHHBix H/I,. B 
paGoxax [58|I79[I82] noKasano, hxo HaHjiynmero paBHOMepnoro npnGjiHJKeHHH 

BemecxBCHHOH KOHcxaHXBi npH flocxaxoHHo Gojibhihx n eflHHcxBCHHa, HMeex nopa- 
flOK n H xapaKxepnayexcH HeGbimeBCKHM ajiBxepnaHcoM, cocxoHmHM h 3 n + 1 xobck 
oxpesKa. 3xox peayjiBxax bhojihc anajiorHHeH KpHxepHio Hanjiynmero npHGjiHJKe- 
HHH HOCpe^CXBOM MHOrOHJICHOB. 

O^HaKO, npH annpoKCHMapHH hpohsbojibhoh nenpepBiBHOH cJiyHKpHH bosmojkhbi 
cymecxBCHHBie paajiHHHH. Tax, b oxjiHHHe ox cjiynaH MHoroHjienoB, Hanjiynmero 
npH6jiH>KeHHH MOJKCx 6bixb He e^HHcxBOHHa; cooxBexcxByromne npHMepBi 6bijih ho- 
cxpoeHBi B [5811741178] . 3xh npHMepBi, KpoMe xoro, noKasBiBaiox, hxo, BooGme roBopa, 
He cymecxByex npHMOH cbhsh Mexc^y ajiBxepnaHcoM h HaHjiynniKM npnGjiHJKeHHeM 
HOCpeflCXBOM H/],. 

TeM He Menee, ^jih ^ocxaxoHHo ninpoKoro Kjiacca HenpepBiBHBix cJiyHKpHH ycxa- 
HOBjieH |12llST] cjie^yiomHH anajior xeopeMBi HeGbimeBa o6 ajiBxepnaHce: nau- 

jiyumezo npou6jiuatceHUfi xapaxmepusyemcsi aAbmepnaHcoM U3 n+1 moneK ompesna 
[—1,1] npu ycAoeuu, nmo ee nopndoK paeen n u ece noAwcu Aecncam ene sajumy- 
moeo eduHUHHozo npyza; npu amoM, dpo6h nauAyniuezo npu6AuatceHUA eduncmeen- 
na. 3xox KpnxepHH ycHjiHBaex npe mn ecxByTO TTT HH peayjiBxax 51. B. HoBaKa [97] . 
r^e flOHOJiHHxejiBHo xpeGoBajiHCB BemecxBeHHocxB h nonapnoe pasjiHHHe hojhocob. 
(51. B. HoBaK Bonpoc o e^HHcxBeHHocxH ne Hccjie^oBaji.) 


1.9. AnnpoKCHMapHa na HeorpaHHHeHHtix MHo:a<;ecTBax. B paGoxax B. K). 
IlpoxacoBa (9^, H. A. Bopo^^nna h O. H. Kocyxnna |Mll88] . H. P. KaioMOBa [701171] . 
B. H. /I,aHHeHKo EH HsyHajiocB npnGjiHJKeHHe nocpe^cxBOM H,ZI, b pasHBix Mexpn- 
Kax Ha HeorpaHHHeHHBix MHOHcecxBax: npHMBix, jiynax h ^p. HanpHMep, ycxanoBjie- 
HO EH. HXO Kaxc^aa HenpepBiBHaa na ^eflcxBHxejiBHOH och M (|)yHKH,HH c HyjieBBiM 
SHaHCHHeM Ha Gcckohchhocxh b paBHOMepHOH MexpHKe c jhoGoh xohhocxbio npH- 
GjiHJKaexcH H,ZI,. AnajiorHHHoe yxBepjK^eHHe cxanoBHXBCH neBepHBiM, ecjiH bmccxo 
npHMOH paccMaxpHBaxB HepasBepHyxBiH yroji [88] . 

B [30] HOKaaaHo, hxo npn p G [2, cxo) H,II, Bciop;y hjioxhbi b Lp na p,eHcxBHxejiBHOH 
HOJiyocH X ^ 0. Op;HaKo b cjiynae Been och Kjiacc cJiyHKpHH, annpoKCHMHpyeMBix 
nocpep;cxBOM H/I, b Lp(M), p > 1, pesKo cyjKaexca [98], b hbcxhocxh, oh cocxohx h3 
xex H xojiBKo xex (|)yHKH,HH, KoxopBie npep;cxaBji5HoxcH b BHp;e cxop,Hn];HxcH k hhm 
B Lp(M.) p5ip,oB H,!],. 

Bee 3XH peayjiBxaxBi yKaabiBaex, b hbcxhocxh, na cBoeo6pa3Hyio nejiHHeHHocxB 
npopecca annpoKCHMapHH na HeorpaHHHeHHBix MHoxceexBax h xecnyio cbhbb c hx 
reoMexpHeii. 


1.10. P5ip,bi PaGoxBi HO annpoKCHMapHH na HeorpaHHHeHHBix MHoxceexBax b 

HeMajioii Mepe cnocoOcxBOBajiH BoaHHKHOBeHHio xeopHH p5ip;oB H/I,. Bbijih HaHp,e- 
HBI paajIHHHBie yCJIOBHH H KpnxepHH CXOp,HMOCXH B Lp(M) OeCKOHeHHBIX H/I, Poo B 

xepMHHax nocjiep;oBaxejiBHocxeH hx hojhocob Zk (cm. [SI117D117I1I721ISS]). HanpHMep, 
npH 1 < p < 2 xaKaH cxop;hmocxb oKBHBajienxHa cjiep;yioiii;eMy ycjioBHio h3 [M] p,ji5i 
HaCXHHHBIX CyMM p„ BHp,a dU): \pn{Zk)\^ ^ < OO. 
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1.11. MoflHcJ)HKaLI,HH EcTeCTBeHHOH M07i;H4)HKan,HeH H/I, 5IBJI3I0TCH TBK Ha- 

sbiBaeMbie h-cyMMU h aMnAumydno-nacmomHue cyMMu (onepamopu), cootbct- 

CTBCHHO HMeiOmHe BH^i; 

n n 

'^\kh{Xkz) H z,Xk,p,k^C, 

k=l k=l 

r 7 i;e h — anajiKTHHecKaH b oKpecTHocxH nanajia cJiyHKpHH. B BH 7 i;e /i-cyMMbi npe^i;- 
cxaBjiaioTca ecjiH bsotb, nanpHMep, h{z) = l/{z — 1), Xk = 1/zk- 3xa cbhsb 
HBH jiacb o7i;hoh h3 moxhbhpobok Hcnojib30BaHH5i h-cyiAM B KanecxBe annapaxa an- 
npoKCHMapHH [50]. KpoMe xoro, Kax npaBHjio, Henocpe7i;cxBeHHoe nocxpoenne an- 
npoKCHMHpyroipHX H/I, BecbMa cjiojkho, nocKOJibKy annpoKCHMapHa npoBOT^HXca 3a 
cnex npaBHjibHoro BbiOopa nojiiocoB, h nacxo Hex npocxon, bh7i;hmoh cb5I3h mctk- 
7i;y annpoKCHMaxHBHbiMH cBoficxBaMH H/I, h pacnojiojKeHHeM ee hojhocob. IIpH pa- 
6oxe c /i-cyMMaMH noHBjiaexcH B03M07KHocxb npHMeHHXb Gojiee hihpokhh naGop 
Mexo7],OB KOMHjieKCHoro aHajiH3a, hxo b pH7i,e cjiynaeB 3HaHHxejibHo oGjiernaex pe- 
meHHe 3a7i;aH. TaxHe cyMMbi 3(|)(|)eKXHBHo Hcnojib30BajiHCb b hhcjichhom aHajiH3e 
(A. B. OpHHpeB linminO] . n. B. HynaeB h B. H. AI,aHHeHKo 1601110411105] h 7i;p.). Tax, 
B pa6oxe [60] Gbiji npe7i,jiojxeH Mexo^i; sxcxpanojiHpHH (JiynxpHH h hx /i-cyMMaMH. 
Phti; oxoHHaxejibHbix pe3yjibxaxoB o cxopocxH h oGjiacxn cxo7i;hmocxh sxcxpanojiHpH- 
OHHbix npopeccoB ycxaHOBjien b |105) : xaM xaxjxe npo7i,eMOHcxpHpoBaHbi nexoxopbie 
npeHMyni;ecxBa Mexo7i,a h-cyMu nepe^i; xjiaccHHecxHMH nojiHHOMHajibHbiMH Mexo7i,a- 
MH. 

AMnjiHxy7i,Ho-HacxoxHbie cyMMbi npHMeHHjiHCb b |8l[T0l|62] 2n-xpaxHOH IlaT^e- 
HHxepnojiHpHH (b xoHxe z = 0) HH7i;HBH7i,yajibHbix anajiHXHHecxHX cJiyHxpHH, a xax- 
jxe B xanecxBe onepaxopoB T^HcJicjDepeHpHpoBaHHH, HHxepnojiHpHH, sxcxpanojiHpHH h 
7i;p., T^eHcxByiomHx na onpe7i;ejieHHbix xjiaccax (J^yHxpHii. Bobmojxhocxb nocxpoeHHH 
HyjxHoil aMHjiHxyT^Ho-HacxoxHOH cyMMbi oGycjioBjiena pa3pemHMocxbio accopHHpo- 
BaHHofi c Heii 3a7i;aHH 7i,HcxpexHbix MOMenxoB 

E n 

, , m = 0,..., 2n - 1, 

k=l 

OXHOCHXejIbHO HeH3BeCXHbIX Pk ^ Xk c 3a7i;aHHbIMH npaBbIMH HaCXHMH am- 

OcoGyio xpy7i;Hocxb h HHxepec npe7i;cxaBji5iex cjiynaH necoBMecxHbix 3a7i;aH 71 ,hc- 
xpexHbix MOMeHxoB, xor7i,a cooxBexcxByiomaH hm aMnjiHxyT^Ho-nacxoxHaH cyMMa ne 
MOJxex Gbixb nocxpoena. JXjis npeo7i,ojieHHH sxoh xpy7i;HocxH b |8] npe7i,JioJxeH MexoTi, 
anajiHXHHecxoH peryjiHpHBapHH aMnjiHxy7i;Ho-HacxoxHOH cyMMbi, cocxohiii;hh b xom, 
HXO X Hen 7i;o6aBjiHexcH onpe7i,ejieHHbm Ghhom BH7i;a Ciz"'~^ + 0xa3biBaex- 

ch, hxo npaBHjibHbiH BbiGop napaMexpoB ci^2 npHB 07 i;Hx x hoboh accopHHpoBaHHofl 
3a7i;aHe 7i;HcxpexHbix momchxob, xoxopaa yjxe peryjiHpno pa3pemHMa, a b p5i7i,e npn- 
xjia 7 i;Hbix 3a7i,aH 7 i;onycxaex BecbMa npocxofl hbhbih bh^i; pemeHHH. B pe3yjibxaxe 
peryjiHpH3aii,HH cooxBexcxByioipHe «no7i;npaBjieHHbie» HHxepnojiHpnoHHbie cJiopMy- 
jibi c n y3JiaMH XkZ cxanoBaxcH xohhbimh na MHoroHjienax cxenenn 2n — 1, hxo b 
7i;Ba pa3a Bbime nop5i7i;xa oGbihhoh n-y3JioBOH HHxepnojiHpHH. 

OxMexHM eme, hxo aMnjiHxy7i,Ho-HacxoxHbie onepaxopbi hbjihioxch ecxecxBeHHbiM 
oGoGmeHHeM nexoxopbix xjiaccHHecxHx annapaxoB npHGjiHJxeHHH, xaxHx xax oxc- 
noHCHpHajibHbie cyMMbi, xpnroHOMexpHHecxHe nojiHHOMbi, 7 i;po6h IlaT^e (cm. 0). 
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2. SAflAHA rOPHHA H POflCTBEHHblE BOnPOCbl 

2.1. Oii,eHKH MHHMMx HacTeft nojiKJCOB HopMHpoBaHHbix B MexpHKe 

Lp(R), 1 < p ^ oo. nepe(|)opMyjiHpyeM aa^any E. A. FopHna b hcckojibko 6ojiee 
o6iri;eM bh^c. Hepea Hp = Hp{C~^) oGoanaBHM npocxpancTBo Xap^n anajiHTHBecKHx 
Ha 4)yHKn,HH /, 

\\f\\Hj,-=snp( [\f{x + iy)\Pdx] . 
y>0 \Jr / 

IlpH Ben^ecTBeHHBix x nepea f{x) oGoanaHHM HeKacaxejiBHBie yrjioBBie npe^ejiBi 
(JiyHKpHH / G Hp CO cxopoHBi C+. Xopomo HaBecxHo |3^I92] . hxo f{x) cyn^ecxBy- 
lox noHXH Bciofly na M, f{x) G Lp h ||/||p = ||/||hp- S^ecB h ^ajiee npHMeHHioxcH 
oGoaHaneHHH Lp = Lp{R), || • ||p = || • lUp- 

Hepea HL^ oGoanaHHM Kjiacc Bcex cJiyHKpHH BH^a Pn + f, r^e Pn ^ ([T]) c 

HOJiiocaMH Zk G C’*', a / G Hp. Hojiojkhm 

(8) d„(M,p) = inf {F(p„) : ||pn +/||p ^ 1, pn + f^HL^J, 1 < p ^ oo. 

(Mbi coxpaHHeM oGoaHanenHe (|2]), xoxh a^ecn oho hmccx hcckojibko hhoh cmbicji). 
Onpe^ejiCHHe (jS]), khk hccjiojkho npoBepnxB, mojkho nepenncaxH b bh^c m 

o!..(K,p)= inf ^{y{Pn)\\Pn +fWl} , p“'+9“‘ = l. 


IlpH KOHCHHBIX p BCJIHHHHBI K HyjHO HC y6BIBaiOX. 3x0 CBOHCXBO BMCCXC C 

opcHKOH cHHay fljiH nojiynaexcH na cooxHomeHHH ^bohcxbchhocxh 


(9) inf ||p„ + /||p= sup 

a&Ha, llolUsSl 


pn{x)g{x) dx 


= 2n 


n 


k=l 


9{zk) 


/leHcxBHxejiBHo, nycxB pn — OKcxpeMajiBHaH (na Koxopofi ^ocxHxaexcH (18|) ). 

npHHeM GjIHJKaHHIHH K ^eiiCXBHXejIBHOH OCH HOJHOC eCXB i|/i, XaK HXO Hi = 

BoaBMCM npoGnyio cJiyHKpHio g{z) = {z + r^e h > Q. Tor^a, ohcbh^ho, 


\^k=i 


g{zk) ^ {h + yi) \ 


= 27rA(p) h-^^P. 


Oxciofla H on]) (r^e jicBaa nacxB panna e^HHHpe) hmccm {h + yi) ^ < h ^/PA{p). 
BaHB h = yi{p — 1)~^ h peniHB nocjie^Hee HepaBCHcxBo oxhochxcjibho yi, nojiyHHM 


( 10 ) 


yi = d„(M,p) ^ Mp) = 


HepaBCHcxBo ffTOj) ;];pyrHM chocoGom HaH^eno b |29], oho yxoHHnex opcHKy (0]). 

^ajiee, ecjiH BaHXB b KanecxBe npoOnoH (|)yHKH,HH KaKyro-jinGo rojioMop(|)HyK) na 
C"*" BCXBB g{z) = (z + xo anajiorHHHBiM mcxo^om mojkho nojiyHHXB |51) : 


(11) 


Y]" 0<£<S1, 


S^ecB HOKaaaxejiB cxchchh (— 1/g) cnpaaa b fllip HejiBan yBCJiHHHXB. IfpHBe^eM eme 
o^HH peayjiBxax [HH], CBnaanHwil c opeHKoii npn kohchhbix p\ 

n 

'^yk~^ < Mp)K = Xk + iyk, 

k=l 

r^e hp — HopMa onepaxopa FHjiBGepxa (cm. 
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B cjiynae ^eHCTBHTejibHofi nojiojKHxejiBHofl nojiyocn npn 1 < p < 2 no- 
Kaaano |29], hto nojiroct-i HopMHpoBaHHofl b Lp(M+) pacnojiojKenHBie na 

^eHCTBHxejiBHOH oxpHpaxejiBHOH nojiyocH (ecjin xaKne HMeioxca), ox^ejieHBi ox 
HyjIH HeKOXOpOH BejIHHHHOH A{p) > 0. EcJIH >Ke p ^ 2, XO, nO-BH^HMOMy, XaKHe 
nojiiocBi Moryx no^cxynaxB k nyjiio ckojib yro^HO 6 jih3ko j29] . B oGipeH nocxanoBKe 
aa^ana BopHna nojiyocn ocxaexcH oxKpBixofl. 

B cjiynae p = oo moxo^bi ^BOHCxBeHHocxH ne paGoxaiox h openKH cxo) ana- 

HHxejiBHo ycjiojKHaioxcH. CcJiopMyjiHpyeM cooxBexcxByiomHH peayjiBxax, paanBiMH 
cnoco6aMH nojiyneHHBm b jHHlT]. 

TeopeMa 2.1. Bepnu coomHomeHusi dn{^,oo) x Inlnn/lnn [deycmopoHHue ne- 
paeeHcmea). Bojiee mouHo, npu docmamouno doAhiuux n amu deycmopoHHue nepa- 
eencmea cnpaeedAueu c KOHcmanmaMU 1/9 u 2. 

TeopeMa 12 .1 1 .xerKo pacnpocxpaHHexca na cjiynafl M™, m ^ 3 (cm. |18]). HMenno, 
nycxB (JiHKCHpoBaHBi HeKoxopaa npaMaa L C h MHoacecxBO Mn, n G N, cyMM 
BH^a 

n 

/ \ / \ ^ TTT^rr? 

Qn[x) = Qn[Xi, . . . ,Xn]X) ■.= y - - X, Xfc G M , 

C HOpMHpOBKOH ||^n||c(L) ^ 1- ToXfla XOHHOH HHJKHefi XpaHH Dn{L) paCCXOHHHH 

OX BceBoaMOJKHBix xoHeK Xk pp> npaMoii L HMeeM Dn{L) x Inlnn/lnn. /],eHcxBH- 
xejiBHo, opeHKH cBepxy Dn{L) nojiynaexcn nenocpe^cxBeHHo na xeopeMbi 12.11 fxon- 
nee, na npnMepa, no^xBopac^aioipero openKy CBepxy b xeopeMe 12.ip . JXns open™ 
cnnay mojkho npoBecxn cHMMexpnaapHio, po 6 aBHB k MHoxcecxBy {x^} mhojkocxbo 
{ x^}, cHMMexpnnnoe eMy oxnocnxejiBHo L, a aaxeM noBopoxoM Boxpyr L nepeMe- 
cxHXB KajKpyio napy x^ n x^ b napy komojibkcho conpnjKennBix xonex Zk , Zk neKoxo- 
poH (|)HKCHpoBaHHOH KOMnjieKCHOH HjiocKocxH C, copepxcamefi L. Torpa snp-nopMa 
na M H/1, c nojiiocaMH {zk}U{zk} 6 ypex orpannneHa CBepxy ypaoennon snp-HopMon 
cyMMBi na L. Ocxaexcn BocnojinaoBaxBCH HHacnen openKofl na xeopeMBi 12.11 

2.2. OpeHKH paccToaHHH ox nojiiocoB po HeKOxoptix KOMnaKxoB. IlycxB 
K — KOMnaKx na C, — HanGojinman oGjiacxn na ponojinennH k K, copepxca- 
ipan GecKonenno ypajienHyio xonxy. BaepeM Kjiacc SPn{K), cocxompnA na (JiyHKpnn 
Rn = Pn + f, rpe Pn - H/1, ([T]) c HOJiiocaMH B a / — rojiOMop(|)Ha 5 i n orpann- 
nennan na iB"*" (l^yHKpnn c f{oo) = 0. Ilpn m > 0 nepea 6n{K,m) oGoanannM 
paccxoanne po K ox MHOJxecxBa BceBoaMoxcnnix nojiiocoB (j^yHKpnn Rn G SPn{K) 
npn yCJIOBHH HopMnpoBKH 

(12) \\Rn\\oo,K ■= limsup \Rn{z)\ ^ 171. 

z^K 

SpecB B npnnpnne mojkho oGohxhcb HopMHpoBKoii ||i?n||oo,i^ ^ 1, nocKOJiBKy aa- 
pana (IT^ cBopnxcn k axoMy cjiynaio aaMenon Rn na m~^ Rn{m~^ z), ho c ppyrnM 
KOMnaKXOM m ■ K. IIpnaepeM neKoxopwe openKn BejinnnH 6n{K,m). 

B cjiynae oKpyjKHocxn 71 : |z| = 1 HMeeM cjiaGyio aKBHBajienxHocxB (x.e. paycxo- 
poHHioio opeHKy) |47) : 

(13) 5„(7i,m) X n“^lnn y4i(m)n“^lnn ^ 5„(7i,m) ^ y 42 (m)n“^lnn. 

OxMexHM, Hxo opeHKa CBepxy apecB nojiynaexcH c noMomnio npocxoro npHMepa 
Rn = Q'IQi Q(z) = z"' — {n + l)/m. Ha HHxcHeH opeHKH b (ITS]) jiexKo nojiynaexcH 
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HHJKH5I3 oiieHKa fljiH saMKHyTOH o6o6iri;eHHo jiHnyHOBCKOH kphbohH 7 139] : 
(14) Sn{'y,rn) ^ n ^ 2. 


/leHCTBHTejiBHo, nycTB z = (p{w) — KaKoe-jiH 6 o KoncJiopMHoe o 7 ;HOJiHCTHoe OTo 6 pa- 
acenne BHeniHocxH e 7 ;HHHBHoro Kpyra 7 ^ na o 6 jiacTB 7 ''' c ycjioBHeM (^(cxo) = cxo. Ha 
peayjiBTaxa C. E. BapmaBCKoro j25] cjie7;yex, bxo |</5'(w)| x 1, w g 7 ^, r7;e cjiaGaa 

9 KBHBajieHXHOCXB SaBHCHX .TTB TTT B OX 7. SaMCXHM, BXO 


(p'{w) ■ Rn{(p{w)) 


^ (p{w) - Zk 




n 


E 



+ F{w), 


r 7 ;e Zk = ^{wk), F G -^^ 00 ( 71 ") h F{oo) = 0. Oxcio 7 ;a h h 3 (1T3|) nojiynaoxca ffT31) . 
nocKOJiBKy H3 |(p'(w)| X 1 HMeeM \wk\ — 1 X dist( 2 :fc, 7 ). 

K cjiyBaio oKpyjKHocxH cbo7;hxc5i h openKa |63] 

(15) 5n([—1,1], m) X n“^ln^ n. 

/I,eHcxBHxejiBHo, nycxB Rn = Pn + f ^ 5'P„([—1,1]), IIII 00 , [- 1 , 1 ] ^ HpH aaMene 
>KyKOBCKoro z = (w + l/w)/2, Zk = {wk + l/wk)l2, (pjiH onpepejienHocxH cBHxaeM, 
Bxo |wfc| > 1), HenocpepcxBeHHOH npoBepKofl yCejKpaeMCH b paBencxBe 


(16) Pn{z) = 


2w‘^ 




-F{w), 


F{w) = Y^ -+ 

W — Wk . 


k=\ 


k=l 


Wk 


WWk 


1 

w 


SpecB F G SPni^ji), a ana^Hx, h (JiynKpHH a(w) := Rn(z(w))(l — w^)/(2w^) xaxjKe 
npHHapjiejKHx Kjiaccy SRnlji) h ee sup-nopMa na 71 ne npeBocxopnx m. Ha ffT^ 
HMeeM mirifc \ wk\ — 1 ^ 6n“^lnn c neKoxopofi BejiHHHHOH b = b{m) > 0. TaKHM 
o 6 pa 30 M, ecjiH BBinojiHeno (na, xo nojiiocBi H/I, pn jiejKax bo BHemnocxH sjijiHnca 

(cm. gSlES]) 


(17) 


2 ; 


i(a+i)cos( + l 



sint, 


c a = 1 + bn~^lnn. Oxciopa nojiynaeM nyjKHyio opeHKy cHHay. OpeHKy cBepxy 
nOJiyHHM, B3HB pjIH HpOCXOXBI H3JIO>KeHHH 771 = 3. EcjIH B ffTHj) HHCJia Wk HBJIHIOX- 
CH KOpHHMH ypaBHeHHH w'^ — 01 = 0 C HOKOXOpBIM OJ > 1, XO HOCJie HeCJIOJKHbIX 
npeoGpaaoBaHHH nojiynaoxcH 


(18) 


Pn{,w;z) 


2nw uiw'^'^ — 1) If 1 

-^ — — I -1- - 

— 1 {w'^oj — l)(w" — cu) ’ 2 \ w 


Mhojkocxbo nojiiocoB H/I, p„(ci;;z) jiojkhx na sjijiHnce fll7p c a = y/oJ, npHneM paa 
nojiioca, nycxB zi^2, BeipecxBeHHbi. BoatMeM u = tR. HecjiojKHo yGepnxBCH, hxo 
maxa;g[_i,i] \pn{rR]x)\ = \pn{rR]l)\ < 3. SnaHHX, 


5„([-l,l],3) ^ ll^il -1| = 


1)^ 


In^ n 


2a 




O. H. KocyxHH 
KOMnaKXOB: 


opeHKy CHHay b fll5p pacnpocxpaHHji na cjiynan cnpHMjiHeMBix 
In^ TL 

Sn(F,l) ^ 4 c(K) —— (l + o(l)), n-)■ CX), 


rpe c{K) — rapMOHHHecKaH (jiorapncJiMHHecKaH) cmkocxb KOMnaKxa K. 


^rjiapKOH KpHBOli, Mopyjib nenpepbiBHOCTH a;(s) yrjia HaKjiOHa KacaTCJiBHOft k KOTopoft KaK 
(JjyHKpHH pjIHHbl S PyrH ypOBJICTBOpHCT yCJIOBHK) HhHH Jp s~^uj{s) ds < oo 
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2.3. Sa^ana FejibcJjOHfla o6 oii,eHKe mhhmbix nacTeft nojirocoB c Hop- 
MHpOBaHHBIMH HB M npOH3BOflHbIMH. O TOHHOM HOpH^lKe BejIHHHH 

dn(^,oo) = inf{F(p„) : ||p;,||oo = 1} = inj |>"(Pn) VllPnlU} 


ccJiopMyjiHpoBaHa A. O. FejiBclioHflOM |33| (BMecxe c anajiorHHHBiMH aa^anaMH c 
HopMHpoBKaMH npoH3BOflHBix 6ojiee BBicoKHx Hopa^KOB). 3Ta aa^ana eipe ne peme- 
Ha. B j33] noKasano, hto cxd) ^ Ao2“"'/^ c HeKoxopofi aGcojnoxHofi nocxoanHofl 
Aq > 0. Bae^eM cxo^iHBie BejiHHHHBi HAl, ([I]), nojiiocbi Koxoptix jiejKax b C"*": 


i,oo) = inf {F(pn) : llPnlU = 1, {zk} C C+} 
B |47) noKasano, nxo cnpaBe^jiHBBi cjie^yiomHe HepaaeHcxBa 


1 Inn 


32 




n 


5 In n 
4 x/n 


n ^ riQ. 


HcnojiBsyn nocjie^nioio openKy cnnay, pjin oGipero cjiynan mojkho poKaaaxB 
nxo d'^(R,oo) >- \/n~^ Inn. Bonpoc o xonnocxn nopnpKa MHHopanxBi ocxaexcn ox- 

KpWXBIM. 


2.4. AnajiorH sapanH HeSwiueBa b cjiynae oxpesKa. Ha (flSj) . kbk necjiojKHo 
npoBepnxB, BwxeKaex, nxo ananeHnn cJiynKpHn 

Vl - x^p„(a;;x) = 2na; ---^— r, x = cos(p, 

1 — 2a; cos mp + 

ajiBxepnnpyiox na oxpeaKe [—1,1], npnHHMan b pacnojiojKenHBix b nopnpKe Boapac- 
xaHHH xoHKax Xk = cos (fk, PJi3 Koxopwx cos(n<pfe) = 2a;(a;^ + 1)”^, nonepeMenno 
MaKCHMajiBHBie H MHHHMajiBHBie ananeHHH, paannie no Mopyjiio Qn := 2nuj{oj‘^ — 1)“^ 
(nncjio xoneK ajiBxepnanca paano n). Hojiojkhm 


(19) 



max 


i/(^)i, ii/ir 


max yi -a;2 |/(a;)|, / G 1]), 


B canan c yKaaanHBiM ajiBxepnancoM BoannKaex aonpoc |4^IF7] : 

fiejisimmcH au Hfl, euda pn{u] z) sKcmpeMaAhHUMu e sadaue U.JI. Hedumeea o 
H/d nopfidna ^ n, nauMenee yKAOHsimtpuxcsi om uyAH no Hopue || • ||* npu ycAoeuu, 
umo paccmoAHue om ux noAwcoe do ompesna [—1,1] ne npeeocxodum aadamou 
eeAUHUHU S > 0? 

3xox Bonpoc ocxaexcn oxKpaixaiM. Tcm ne Menee npn ycjiOBnn 5 > \f2 — 1 nojio- 
jKHxejiBHBiH oxBcx Ha Hcxo HOJiyHCH B [7] ! yKaaaHHoe naHMenamee yKnonenne paano 
HopMe 


(20) ||p„(i.,;-)|l- = 


n 


n 


v/T2(l + 5)-l T„(l + 5)’ 


n —)■ cx), 


5 > \/ 2 - 1 , 


npn cBsan 25 + 1 = + a;“^/”', rpe T„(z) = cos(narccosz) — MHoronjicnai HeGai- 

meaa nepaoro popa. Hoxa ne pemena ananomnnaH aapana o nanMenee yKjio- 

HniomHxcn ox nyjin no nopMC || • ||. Opnaxo b [7] nanpenai GjinaKne k okc- 

xpeMajiBHBiM H, B nacxHocxH, noKaaano, nxo nanMenamee yKnonenne e„ ox nyjin b 
K jiacce Bcex H/I,, HMeroipnx opnn na nojnocoB b xonxe a; = 5 + 1, npn 5 > \/2 — 1 
ypoBjiexBopnex cooxHomennio 


2n 

T„(^ + 1)-T„_2(5 + 1)’ 


n — )■ CX). 
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/IpyroH anajicr sa^aBH HeGbimeBa H/I, co ceo6odHUMu nojiiocaMH — nanjiyB- 
mee npnGjiHJKeHHe otjihbhbix ot nyjiH KOHCTanx — npHEe^en b ^ 8.21 


2 . 5 . AnajiorH sa^anH SojiOTapeBa o paa^ejieHHH KOMnaxTOB. IlycTb Ki h 
K2 — npoHSBOJiBHbie HenepeceKaiomHeca KOMnaKXbi na pacniHpeHHoil KOMnjieKc- 
HOH njiocKocxH C. CKajKeM, Bxo Ki H K2 paa^ejiHioxca neKoxopofi papHonajibHOH 
(JiynKpHeii Rn{z) (cxenenH ne Bbime n), ecjiH 

Tfl 

(21) m := min |i?„( 2 ;)|, /i := ||i?„||c(X 2 ) > 0, cr(Ai, A 2 , i?,,) := — > 1. 

z&Ki jj, 

Sa^any E. H. SojioxapeBa mojkho c(|iopMyjiHpoBaxb cjie^yiomHM oGpaaoM: nojiy- 
BHXb H 3 ycjioBHa fl2T]) Kaxyio-jiHGo MexpHnecKyio xapaKxepncxHKy ox^ajieHHocxn 
KOMnaKxoB .npyr ox ^ipyra. TaxaH xapaKxepncxHKa ^ojiJKHa saBHcexb xojibko ox n, 
/i, m. nepBOHanajiBHo aa^ana cJiopMyjiHpoBajiacb ^jih ^Byx oxpesKOB Ki, K2 flen- 
CXBHXejIBHOH OCH [ 51 ] • npOHSBOJIBHblX KOMHaKXOB CO CB 5 I 3 HbIMH flOnOJIHCHHilMH 

ona Hccjie^oBajiacb A. A. EonnapoM |39) . B paGoxe |39) ^jih rapMOHnnecKofi cmkocxh 
c(Ai, A 2 ) KOH^encaxopa {Ki,K2) c ycjioBHHMH fl2T]) ^oKaaano nepaBCHcxBo 

(22) c = c{K,,K2)^n\n-^ a(Ai, A 2 , i?„)- 

3 xa opcHKa xonna | 39 | : npn jiioGom MajiOM £ > 0 cyipecxByex papnoHajibHaH (Jiynx- 
pHH Rn pOCXaXOBHO BbICOKOH CXenCHH XaKaH, BXO Ct(Ai, K2, Rn) ^ exp (n(c + e)”^). 
Oxciopa xaKJKe cjiepyex, nxo jiioGbie HenepeceKaroipHeca KOMnaKXbi Ki h K2 na 

C CO CB 33 HbIMH ponOJIHCHHilMH paapCJIHIOXCH HCKOXOpOH papHOHajIbHOH (JiyHKpHeH 
pOCXaXOBHO BbICOKOH CXCnCHH. 

B HCKOxopbix cjiynaHX h 3 fl 2 ip hjih ( 12 ^ mojkho nojiynHXb opcHKy OBKjiHpoBa 
paccxoHHHH dist(Ai, A2) Mexcpy Ki h K2. HanpHMcp, b cjiynae BeipecxBCHHbix ox- 
pcBKOB Ki = [— 1 , — 6 ], K2 = [ 5 , 1 ], 0 < (5 < 1 , H 3 fl 2 T|) hmccm opcHKy | 39 llM] : 

(23) 5 > exp(—TT^n ■ ln~^ (j(Ai, A 2 , i?n)) 


pjiH J11060H papHOHajibHOH (jiyHKpHH Rn, paapejHnoipeH sxh oxpeaKH |39) . B oGipcM 
cjiynae h 3 fl2T]) opcHKy dist(Ai, K 2 ) nojiynHXb HCBoaMoxcHo, h npHMeHnioxcH opchkh 
onpepejieHHbix ycpepneHHbix paccxoHHHH. 

OpnaKO npH Rn = pn opchkh dist(Ai, K 2 ) nacxo hmciox mccxo, npHncM npn m = 
a{Ki, K 2 , Pn) = 00 nojiynacM paccMaxpHBaBmyiocH b ^2.2l 3ai[aHv o paccxoHHHH ox 
nojiiocoB po KOMnaKxa K 2 npn ycjiOBHH HopMHpoBKH fll2p . 

ripHBepeM opHH peayjibxax. Ecjih K 2 — KOHXHHyyM pnaMcxpa ^ 1, a Ai — npo- 
H3BOJIbHbIH KOMnaKX, XO H3 CD cjiepyex [52] : 

f ^{p) \ 

Ay 

SaMcxHM, Hxo npH Majibix nojiojKHxejibHbix a — 1 oxciopa nojiynaexcH opcHKa xoro 
JKC nopapKa, hxo h b fl23p . 

B |49) paccMaxpHBajicH eipe opHH Bapnanx aapann SojioxapcBa. Ero mojkho c(|)op- 
MyjiHpoBaxb cjiepyioipHM odpaaoM. IIpH <5 G (0,1/2) hojiojkhm 


[ min{|p„(a:)| : 3 : G [-1 + (5, -(5]} ) 
\ max{|p„(a:)| : a: G [5,1 - 5]} j 


rpe sup depexcH no bccm H/I, ([T]), hmcioiphm cxenenb ne Bbime n. Tpedyexca HallxH 
xouHbiH nopapoK pocxa BejiHUHH A„(5) npn n —>■ cxo. 3xox Bonpoc ocxaexcH oxKpbi- 
xbiM, apecb jKe npHBepeM neKoxopbie opchkh. 
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IlpHMep ffTSj) noKasbiBaeT, hto A„((5) npn jiioGom cJiHKCHpoBaHHOM 6 pacTex 6bict- 
pee jiioGofi cxenenH n", a > 1. /^eHcxBHxejiBHo, nycxB cu = n“. ITojiiocbi H/I, ffTSj) 
jiejKax Ha sjuinnce ffT7|) c a = -\/a; h, cjie^oBaxejiBHo, ohh jiejKax b 6„-oKpecTHocTH 
oxpesKa [—1,1], r^e bn = 2an~^\an npn n ^ uq. KpoMe xoro, h 3 fl2n|) HMeeM 

AI,ajiee, HAI, p{x) = 2pn{uj]2x — 1) oGjia^aex aHajioxHHHBiMH cBOHcxBaMH no ox- 
HomeHHK) K oxpesKy [0,1]: ee hojiiocbi jiejKax b (6„/2)-oKpecxHocxH oxpesKa [0,1] h 
|p(a;)| ^ 6n^“"((5(l — na [5,1 — 5]. Ha nepBoro cBOHcxBa cjie^yex, nxo npn 

flocxaxoHHo Gojibhihx n cJiyHKpHH |p(a;)| mohoxohho Boapacxaex na [—1, —5] h ee 
MHHHMajiBHoe 3HaHeHHe |p(— 1)1 > n/2. TaKHM oGpaaoM, A„(5) ^ A[5)n'^. 


3. HEPABEHCTBA PA3HBIX METPHK (SAflAHA HHKOJIBCKOPO) flJB? H,^ 

PeayjiBxaxBi, cBnaannwe c annpoKCHMapHefl b Lp h c pa^aMH HAl,, onHparoxcn b 
OCHOBHOM Ha OH,eHKH Lp-HOpM H/I,. TaKHe OpeHKH GbIJIH HaH^eHBI B [inHZSlEB] , Bce 
OHH BBipajKaioxcH HBHo Hepe3 HOJIIOCBI H/I,. Bo3HHKaex HHxepec K aa^anaM ^pyroro 
xHHa — opeHKaM Lp-HopM HAl, nepea hx L^-hopmbi na paannix MHOHcecxBax npn paa- 
jiHHHBix p > 1 H r > 1. BnepBBie xanne 3ap;aHH na onpep;ejieHHBix Kjiaccax cJiyHKpHH 
(ajire6paHHecKHe h xpHxoHOMexpHHecKHe MHoronjieHBi, pejiBie cJiyHKpHH sKcnoHen- 
pnajiBHoro xnna h p;p.) paccMaxpHBajiH AI,- A^^gkcoh (1933) h C. M. Hhkojibckhh 
(1951). TepMHH «HepaBeHcxBa paanwx MexpHK» npep;jio>KeH b |95j . 


3.1. OLi,eHKH Ha fleiicTBHTejifcHOH och. Kan h BBime 6yp;eM npHMeHHXB oGoana- 
II • lip = II • lUp, P e (l,oo]. HycxB 


neHHH Lp = Lp 




Zk G 


fc=i 


Hpn (|iHKCHpoBaHHOM p e (0, 27r) nepea tg = ts{p), —oo < ti < ... < t 2 n < oo, 
oGoanaHHM KopHH ypaBHeHHH B^{x) = e*‘^. Byp,eM naaniBaxH hx xonnaMH nacenKH. 
Hojiojkhm 


(24) Pn{z) = \m.pn{z) = ^ ^ Vn{z) = Repn(^) = ^ 


X - Xk 


k=l 


Z - Zk 


k=l 


Z - Zk 


2 ■ 


OxMexHM paBeHcxBo 2pn{x) = {a.Tg Bn{x)y. B |5T] HOJiynenBi xonnwe KBap;paxypHBie 
(JiopMyjiBi p;jiH HopM pn, Pn L 2 c KBap;paxypHBiMH yajiaMH b xohkbx HaceHKH: 


(26) 


911 „ l|2 - IIa 

^ll/l-nlh ~ llPrilh ~ ^ , , 


= TT 


E ‘2n 

Pn(ts), 

s=l 


^ Pn(ts) 

p G (0, 27r) ntg = ts{p). Oxciop;a jiexKo nojiynHXB p,BycxopoHHioio opeHKy |57| 
(26) {2n)-^ WpnWl < TT IIp^II^ < 2 ||p„||2 . 

AleHCXBHXejIBHO, H3 (1251) HMeeM 

E 2 ti / ^I ^—'^ 2 ?! ^ 

^^JPn(4)| < y 2^j^^^^litk)Pn^{tk)^ TT 2_^^^^Pn{tk) = WPnh, 
oxKyp;a c ynexoM fl25|l nojiynaeM 

r\ « ^ 271 . » ^ 2 ? t . 

l|Prx||2<7r> JPn(4)|^7r> (| Pn(4) | +/^n (4) ) ^ 21| 


|2 

-^n 112 • 
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Oxciofla cpaay cjie^yeT nepaoe nepaBencTBo b (126]). BBiGpaB ip xaK, btoGbi b o^- 
HOH H3 TOBeK tk{(p) (JiyHKpHH \pn{x)\ npHHHMajia HanGojiBinee sHaBenne, nojiyBHM 
H BTopoe HepaBeHCTBo B fl26|) . Bo BxopoM HepaBencxBe b fl26|) MHOJKHxejiB 2, a b 
nepBOM HepaBencxBe MHOJKHxejiB 2“^ nejiBSH saMeHHXB e^HHHpaMH EZI- OpeHKy 
(|6|) , a xaKJKe Bxopyio opeHKa b (|26|) mojkho oGoGhihxb na ^pyrne MexpHKH |S7|: npH 
1 < r < p ^ oo 

(27) \\Pn\\l^ A{p,r)\\pn\\l, r^e p-^ + q-^ = I, + s“^ = 1. 

OxKpWX Bonpoc O XOBHOM MHOJKHXejie A{p,r). 

B oxjiHBHe ox cjiyBan mhoxobjibhob, b opeHKy (HT} cpaBHHBaeMwe HopMbi bxo^ihx 
HejiHHeHHo. 3x0 ecxecxBBHHo, nocKOJiBKy npn npeoGpasoBaHHH Pn(x) := apn{ax), 
a > 0, coxpaHHionieM bh^ opeHHBaeMwe BBipajKeHHH saBHCHx ox a jiHHenHo: 
llPrxIl^ = a||Pn||^- 

B cjie^yroniHx HepaBencxBax na cooxHomeHHe MejK^y napaMexpaMH pur hh- 
KaKHx orpaHHBeHHH He naKjia^biBaexcH. IlycxB l<p^oo,l<r<oo,ii^ — 
npoHSBOjiBHBiH oxpaHHBeHHBiH HjiH HeoxpaHHBeHHBiH HpoMBHcyxoR Ha M. Tox^a |57) 

\\Pn\\l^(E) ^ Mp) ■ WPnWl^^E)^ llPrifp ^ A{p, r) ||p„||*. 

OxMexHM, Bxo A{p) He saBHCHx ox E. 3p;ecB b nepBOM HepaBencxBe nopHp,oK mho- 
jKHxejiH rP/P HBjinexcH xobhbim, a Bxopoe HepaBencxBo xobhbim He HBjiHexcn. IIpH 
p > r 3X0 cjiep;yex h3 (jUJ), ho h npn p < r oho, no-BHp,HMOMy, mojkbx 6bixb yjiyn- 
meno 3aMeHOH noKa3axejiH cxenenn q/p na {q/p) — (s/r). 

3.2. Oii,eHKH Ha oxpesKe. IlycxB Bce hojhocbi H/I, ([T|) jiejKax bhb oxpe3Ka [—1,1] 
CHMMexpHBHo oxHocHxejiBHo p;eHcxBHxejiBHOH ocH (x.e. H/I, Bexu;ecxBeHH03HaBHa Ha 
M). Toxp;a (o6o3HaBeHHe HopM cm. b (jHj)) npn p > r > 1 h p;ocxaxoBHo Gojibxhhx 
n ^ iio(||Pn||*) HMeeM (5^ 

(28) ||p„|| ^ ||pn||Lp[-i,i] ^ A{p) n^(-"p) ||pn||Lp-i,i]. 

Mojkho B3HXb, HanpHMep, no(x) = + 1). Oxichkh xobhbi ho nopHp;Ky: npn 

r > 2, p = oo cyxpecxByex nocjiep,OBaxejiBHocxb BexpecxBeHHOBHaBHbix H/I, p„ c 
||p„|| X 1, p;jiH Koxopnix BbinojiHHioxcH HepaBCHcxBa, npoxHBonojiojKHwe fl28|) . On^eH- 
KH fl28|) HO (JiopMe anajioxHBHbi oH,eHKe p,jih mhoxobjichob (cm. dSj)). Op;HaKo 3p,ecB 
p;onojiHHxejiBHo HaKjiap;BiBaexcH oxpaHHBeHHe na BejiHBHHy n. 3xo cBH3aHo c hccob- 
nap,eHHeM «pa3MepHocxeH» cpaBHHBaeMbix bcjihbhh. HanGoiiee ecxecxaennoH (x.e. 
6e3 KaKHx-jinGo ycjioBHH na n) b p;aHHOM cjiyBae npep;cxaBji5iexcH oH,eHKa BHp;a 

II/^«IIlp[-i,i] ^ 7l(r) 1], p-^ + q-^ = 1, = 1, 

c HeKoxopoH BejiHBHHOH P = 'P{p,r) (BOnpOC OXKpbIx). 

3.3. Ou,eHKH Ha OKpyjKHOCxH. riycxb Bce hojhocbi H/I, ([1]) jicncax bo bhchihocxh 
OK pyjKHOcxH : \z\ = r. Tox 7 ;a npn s G N cnpaBe 7 ,JiHBa opeHKa [S] 

IIp^'"^^IUoc( 73 ^ -^i||P^'”^^IU2(73\/2||Pn||L^(70 +n. 
y Ittt '' 

Oxcio7;a c noMomnio HepaBCHcxBa rejiB7;epa mojkho nojiyBHXB aHajioxHBHyio opeHKy 
c 3aMeHOH L 2 Ha Lp, p > 2. 
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4. HEPABEHCTBA MAPKOBA-BEPHLUTEHHA nPOHBBOflHBIX H/I 

OlieHKH npOH3BOflHt.IX (JiyHKIlHH paSHBIX KJiaCCOB — O^Ha H3 HanGojiee H3BeCTHBIX 
KjiaccHHecKHx 3KCTpeMajiBHBix 3aflaH, B03HHKaK)iri;Hx, HanpHMep, b xeopHH hojikho- 
MHajiBHBix H papHOHajiBHBix annpoKCHMapHH. OGmnpHaa 6 H 6 jiHorpa(|)H 5 i no 3 toh 
TCM aTHKe HMeexcn b |281I671I99] . openKH npoMBBo^nnix nojiynenw b [l9l|57] . 

npHBe^eM necKOJiBKo xaxnx openoK. 

4.1. OpeHKH Ha peHCTBHTejiHHoii och. IlycxB nojiiocBi H/I, pn{z) nexcax na C^. 
Torpa (cm. o 6 o 3 HaneHHe fl24|) ) 

\p'ni.^)\ ^ (|Pn(a:)| + llPrxIloo) Pn{x), W^{x)\ ^ {\Pn{x)\ + ||Pn||oo) Pn{x) , 

(29) \p'ni^)\ ^ X{x), \p'n{.x)\ + \p'n{.x)\ ^ 2x(a:), 

rpe x(a;) := {\i'n{x)\ + ||Pn|loo) Pn{x). Ilpn 3xom cooxHomenna b (l29|l oGpamaioxcn 
B paBCHCXBa pji3 jnoGoii H/I, nepBoro nopapna (nepBoe - b neKoxopon xonxe x G M, 
a Bxopoe — Bciopy na M). 

4.2. OpeHKH Ha OKpyjKHOCxax h oxpesKax. IlycxB r > 0 n nojnocBi (fTj) 
jieJKax BO BHemnocxH OKpyjKHOcxn : \z\ = r. Torpa hmccm xonnyio openny 

IIPnllc(7i.) ^ l|Pn|lc(7r) + 21 |Pn |1 C(7r)) • 

B ponojinenne k (JT]) npn xex jkc ycjiOBnnx na H/I, npnBcpeM ppyryio xonnyio no 
nopnpxy openxy (cm. o 6 o 3 nanenHe dE])) |l9] 

(1 - x^)\p'^{x)\ ^ |xp„(x)| + n||p„||*(l + En), En 0. 

5. PABflEPEHHE OCOBEHHOCTEH H/l, 

IlycxB K — KOMnaKX na C. Kjiacca SPn{K) (|)ynKpHH + / c nopMnpoBKon 
ca nOJIOJKHM 

(30) 9n{K,m) = Snp{\\pn\\oc,K ■ \\pn + f Woo,K pn + f e SPn{K)}. 

Sapana o paBpejiennn ocoGennocxen cJiynKpHn b Kjiacce SPn{K) cocxonx b openxe 
CBcpxy BejinnnnBi 6n{K,m), hjih, ppyrnMH cjiOBaMH, b openne nopM KOMnonenx 
H / nepe3 nopMy Been cJiynKpHn Pn + f- 

Xopomo H 3 Becxna anajiornnnan 3 apana pjin Gojiee mnpoKoro Kjiacca cjiynKpHn, 
HMeioipnx BHp + /, rpe — papnonajinnwe (|iynKpHH oGipero Bnpa cxenenn 
^ n, a / — xe jkc, nxo n b SPn{K). B 3 xom Kjiacce nepe 3 6^{K,m) o 6 o 3 nanHM 
Bejinnnny, anajiornnnyio (130)) c 3 aMenoH na r„. B 3 xom cjiynae Moxeno B 3 nxB 
m = 1, nocKOJiBKy 6^{K,m), b oxjinnne ox 6n{K,m), bbbhchx ox m jinnenno. 

BnepBBie 3apana o paBpejiennn ocoGennoexen nonBHjiacb, no-BnpnMOMy, b paGo- 
xe |69) B. 3. KapnejiBcona b 1967 r. H 3 ero pe3yjiBxaxoB cjiepyex, nxo Korpa K = ji 
— epnnnnnan oKpyjKnocxB, xo 6 ** (71, 1) ^ An^. B pnpe nocjiepyioipnx paGox pac- 
CMaxpHBajiHCB Gojiee oGipne KOMnaKXBi K, no openxa ocxanajiacB no nopnpxy xon 
JKC (A. M. Bonxeiin, B. 3. Kapnejincon, C. H. Hopepa, E. B. CacJxJ), B. C. Illannpo, 
A. A. Bonnap, Jl. J\. Bpnropnn n pp.; cooxBcxcxByioipan GnGjinorpacJiHn HMcexcn 
B gnmiiiia]). no3>Ke Jl. /!,. Bpnropnn na cyipecxBcnno nonH3Hji nopnpoK Maxco- 
panxBi B cjiynae rjiapKHx kphbbix A' = 7 ; ^*( 7 ,1) ^ A{K)n. On jkc noKa3aji, 
nxo nopnpoK openKH xonnwH. OKonnaxejinno b |13] xanan openxa ycxanoBjiena pjin 
npoH3BOjiBnoro KOMnaxxa K c ycxpanenncM 3aBHCHMOcxH A ox K. 
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BosHHKaex anajiorHBHaH aa^ana EcxecTBenHo ojKH^iaxb, bxo nopa^oK 

pocxa 6n{K,m) oxHocHxejitHo n ^ojiacen Gmxl. anaBHxejibHo Menbine nopa^Ka pocxa 
6^{K,m). JXjis npoH3BOJit>Hbix KOMnaKxoB K Bonpoc openKH 6n{K,m) ocxaexca ox- 
KpBixBiM. B npocxefiniHX cjiynaiix (oKpyjKHOcxn, jianyHOBCKHe saMKHyxBie KpHBBie 
H flp.) OKaaajiocB, bxo nopa^oK pocxa jiorapH(|iMHBecKHH, h oxox nopa^oK xobhbih. 
HanpHMep, b cjiynae K = 'fi hmccm 6n{K, m) ^ 3 ln(n + l)m npn n ^ no{m) |49| . 

AHajioxHBHyio aa^any o6 opcHKe KOMnoHenx mojkho cxaBHXB na neorpaHHBeHHBix 
MHOJKecxBax H B paaHBix MexpHKax; npocxefiniHH cjiyBafi cm. dsoi), dsp) B gnu 


6. HHTEPnOJ15mH5I nOCPEflCTBOM H/], 


6.1. Sapana HHxepnojiapHH nocpepcxBOM IIpHMepbi. PaccMoxpHM aa- 

pany nocxpoeHHH H/I, nopapKa ^ n, ypoBjiexBopiiioipyio paBCHcxBaM 


(31) 


Pn \Q = bj^s, bj,s e C (j = 1, /c, S = 0, rrij - 1 , mj ^ 1 , 

mi + ... + TUk = M), 


rpe ■Cl) ■ ■ ■ 5 'Cfc — paajiHBHBie yajiBi, mi,..., — hx xpaxHocxH, M — cyMMapnaa 

KpaxHocxB yajioB, a hj^s — aapanHbie anaBCHHa. B cjiynae M < n jih6o M > n 
6ypeM HaaBiBaxB aapany fl?I]) cooxBexcxBCHHo nenoAHOu jih6o nepeonpedeAennou 
aapaBCH HHxepnojiHpHH. CjiyBafl M = n pjia nac aBjiHcxcH ochobhbim. B oxom 
cjiynae, ccjih hc oroBopeno npoxHBHoe, mbi 6ypeM naabiBaxB fl3T]) npocxo sadaneu 
UHmepnoAHVfUu (nHorpa pjia yxoBHCHKH 6ypeM npHMCHHXB xepMHH «noAHaA aapana 
HHxepnoji5ii];HH»). 

Ecjih Bce yajiBi b fl3T]) npocmue (opnoKpaxHBie), xo npnxopHM k aapane npocmou 
HHxepnojiapHH: 


(32) 


Pn(6)=*J. i = 


B npoxHBHOM cjiyBae fl3ip HaaBiBaexcH aapaBcfi Kpamnou HHxepnojiapHH. IIpH hh- 
xepnojiHpHH peryjiapHOH cJiyHKpHH / b fl3ip h (15^ ecxecxBCHHBiM o6paaoM nojiaraiox 

b,., = /“'(&). bi = f(Q- 

Kax HaBccxHo, b Kjiacce ajire6paHBecKHx hojikhomob cxenenn ^ n — 1 nojiHaa 
aapana HHxepnojiapHH Bnpa fl3ip Bcerpa hmccx pemcHHe, npHBCM epHHcxBCHHoe. 
HanpoxHB, HHxepnojiHpHOHHaa H,II, mojkcx hc 6bixb epHHcxBCHHofl hjih hc cyipe- 
cxBOBaxB. riepBBie npHMcpBi HeepHHcxBCHHocxH 6bijih onyGjiHKOBaHBi E. H. Konpa- 
KOBOH [H] H 51. B. HoBaKOM ing pjiH cjiyBaa aapaBH fl3^ npn n = 2. 

IIpHMep 6.1 |97) . JXjis xaGjiHpBi {(—1;—1),(1;1)} cyipecxByex GecKOHCBno mhoxo 
HH xepnojiapHOHHBix H,ZI, nopapKa ^ 2; 


1 


p 2 {z;a) := 


2z OL 


OL 7^ ±2. 


+ az + 1 ’ 

IIpHMep 6.2 fSHlISU] . IIpHBepeM npHMcp HepaapemHMofl hojihoh aapann HHxepno- 
jiHpHH. cjiepyioipeH xaGjiHpBi 


(-\/2,-3\/2), (-l/^/3,-\/3), (0,1), (l/\/3,\/3), (\/2,3\/2), 


He cymecxByex HHxepnojiHpHOHHBix H/I, nopapKa ^ 5. /JeilcxBHxejiBHo, ecjin cyme- 
cxByex xaxaH H,ZI, ps := Q'/Q, xo neoGxopHMo Q'(0) = Q(0) ^ 0, h, hc Hapyrnaa 
oGniHocxH, MBI MOJKCM HCKaxB Q B BHpe Q{z) = 1 + QiZ +... + a^z^ . Ho xorpa Ha pa- 
BeHCXB P5(±\/2) = ±3^/2 H P5(±1/\/3) = ±\/3 HMeeM COOXBeXCXBCHHO paBCHCXBa 
603 + las = —5 H 603 + las = 0. HpoxHBopeHHe. 
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TeM He Menee, npn onpeTiejieHHOM orpaHHHeHHH na cyMMapHyio KpaxHocTb M 
ysjioB saTiana fl3T]) Bcer^ia (x.e. nesaBHCHMo ox anaHeHHH h hj^s) paapeniHMa. 

TeopeMa 6.1 PO] . Sadaua CD saeedoMo paspemuMa, ecAU M ^ n — k + 1. B 
uacmHocmu, sadana npocmou UHmepnoAAV^uu ecezda paapemuMa, ecAU hucao k ya- 
Aoe ydoeAemeopsiem ycAoeuw 2k ^ n + 1. 9ma oyeuKa HeyAyumaeMa. 

OxMexHM, Hxo npH k > 1 saBe^ioMo paapeniHMBie sayanm HenojiHBi. IIpH k = 1, 
M = n VL3 xeopeMBi 16.11 nojiynaexcH paapeniHMocxB sayann HHxepnojiHpHH c otihhm 
n-KpaxHBiM ysjioM {Ilade-UHmepnoAAyuu). PaapeniHMocxB xaKofl sa^iaHH panee 6 bi- 
jia ycxaHOBjieHa hhbimh Mexo^iaMH (cm. ^6.7p . 

B |74[[8T| paccMaxpHBajicH Bonpoc o MHHHMajiBHOM M > n, rapanxHpyionieM 
e^iHHcxBeHHocxB pemeHHH nepeonpcTiejieHHBix sayan CD. IIoKaaaHo, hxo xaKoe mh- 
HHMajiBHoe M paBHo 2n — 1. B cjieTiylomHx naparpacjiax TiaHBi Tipyrne npHanaKH 
paapeniHMocxH h e^iHHcxBeHHocxH pemeHHH sa^iaHH HHxepnojiHpHH. 

6.2. Pe/],yKii,Ha k nojiHHOMHajibHoii HHTepnojiapHH. B |8U) yjis HccjieTioBaHHH 
sa^iaHH HHxepnojmpHH nocpeTicxBOM npeTiJiojKeH Mexo^i; pe^iyKpHH k hojihhomh- 
ajiBHOH HHxepnojmpHH. B ocHOBe pe^iyKpHH jiejKHx cjieTiyioniaH ojieMeHxapnaH jieM- 
Ma nepecHexa hpohsbotihbix (cm. j80]; anajiorHHHBie cJiopMyjiBi npHMeHHjiHCB xaKHce, 
HanpHMep, b [96]). 

JleMMa 6.1. UpouaeodHue aHaAumunecKou ^yHKyuu u{z) ydoeAemeopAwm paeen- 
cmeaM 

= uFs{w), w = w{z) = u\z)/u{z), s = 0,1,2,..., 

ade {Ps} — nocAedoeameAhHocmt) du^^epenyuaAhHux onepamopoe, onpedcAACMUx 
peKyppenmno: 

(33) Fo{w) = w, Fs+i{w) = wFs{w) + {Fs{w)y^, s = 0,1,2,.... 

HecjiojKHo npoBepHXB, hxo Fs{w) = +Hs{w, w',..., r^ie Hs — onpe^ie- 

jieHHBiH ajireGpaHHecKHH hojihhom cxenenn ne BBime s + 1 no KajK^ioMy apryMenxy, 
Hq = 0. TaKHM o6pa30M, bo Bcex xoHKax anajiHXHHHocxH ypoGn pn = Q'n/Qm HMeeM 

(34) Q^y+^\z) = Qn{z)-{p^y\z) + Hs{pn{z),...,p^y-^\z)), S^O. 

CymecxByex anajiorHHHaH no BH^iy (|iopMyjia o6pam;eHHH, BBipajKaioniaH npoHs- 
BOTiHBie Pn nepea npoHSBOTiHBie Qn bo Bcex xohkhx, r^ie Pn{z) anajiHXHHna. 
SaTiany fl3T]) mojkcm nepenncaxH b bh^ic sa^iaHH yjis MHoroHjieHOB Qn ^ 0: 

Qn ( 0 ) ' ^3,^1 ^sipjfli ■ ■ ■ 1 

(35) j = i^k, s = 0,771^-1, 

mi + ... + mk = M. 

Ha 3XOH (JiopMyjie ocnoBan KpnxepHH paapemHMocxH hojihoh sa^iaHH fl3T]) . cm. 
HHHce xeopeMy 16.21 h ee cjieTicxBHe. 

6.3. ^Hc|)4)epeHLi,HajibHoe ypaBHeHHe HaHnpocxeiimHx flpo6eH. HocKOJiBKy 

qOi+ 1) ^ fl34)) npH s = n HOJiyHaexcH oGniKHOBeHnoe TiHclxJiepeHpHajiBHoe 

ypaBHeHHe nopuTiKa n, KoxopoMy y^ioBjiexBopHex jiioGaH pn nopnTiKa ^ tt, bo 
B cex xoHKax, oxjihhhbix ox ee hojhocob |80| : 

(36) 9<”>(s) + HMz ),.... 9<”-'>(s)) = 0. 
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Mojkho noKaaaxb, bto ^poGn pn HCBepnbiBaioT bcio coBOKynnocTB pemeHHfl ypaBHe- 
HH3 fl36l) . /I,eHCTBHTejiBHo, fljiH fl36|l BBinojiHeHBi ycjioBHa xeopeMBi cyipecxBOBaHHH 
H e^HHcxBeHHocxH pemeHHa sa^aBH Komn. IlpeflnojiojKHM, bxo h — KaKoe-jinGo 
pemeHHe ypaBHenna fl36l) h b xobkc z = a sxo pemeHne anajiHXHBHo. IlocxpoHM 
H/I, Pn nopa^Ka ne BBime n, Koxopaa y^oBjiexBopaex ycjioBHHM pn\a) = 
s = 0,n — 1. TaxaH ^ipoGb cyipecxByex h e^HHcxBenHa (xaK Ha^e) h xojKe hb- 
jiHexcH pemeHHeM ypaBHenna fl36|l . kbk 9xo yxce ^OKasano. Ho xor^a h = pn BBH^y 
e^HHcxBeHHocxH pemeHHa sa^aBH Komn. 

HanpHMep, o6iii;hm pemeHHeM ypaBHeHHH y' + = {] HBjiHexcH MHOHcecxBo 

Hopa^Ka ^ 1, a ypaBHeHHH y” + ?)yy' + = 0 — MHOHcecxBo nopa^Ka ^ 2. 

6.4. 3a/i,aHa o6o6iii,eHHOH HHTepnojiaii,HH. HanneM c HHxepnojmpHH b cjiynae 
npocxBix ysjioB. Pemenne pn = Q'n/Qn hojihoh sa^aHH fl32|) neoGxo^HMo y^oBjiexBo- 
pnex cHcxeMe ypaBHenHii 

(37) Q'niQ = j = Qn ^ 0, 

Koxopyio HasBiBaiox sadane'^ o6o6'ipeHHou uHmepnoAsiyuu c npocmuMu ysAaMU. 
JlexKo BH^exB, Hxo pemeHHe Qn sa^anH fl37p Bcer^a cym;ecxByex. Taxnx peme- 
HHH MOHcex 6bixb 6ecKOHeHHo MHoro; 6yfleM nasBiBaxB hx h cooxBexcxByiom;He H/I, 
Pn = Q'n/Qn pemeHHHMH sa^aHH o6o6m;eHHOH HHxepnojmpHH ([37]). OxMexHM, hxo 
pemeHHe pn = Q'n/Qn sa^aHH flTT)) Moncex ne 6bixb pemenneM sa^aHH fl32|) . ^ejio b 
xoM, HXO HopojK^aioniHH MHoroHjieH Qn MOJKex o6pam;axBCH b HyjiB b neKoxopBix 
ysjiax o^HOBpeMeHHo c nponaBo^HOH Q'^. TaKHe ysjiBi nasBiBaioxcH oco6umu onri- 
HocumeAhHO pemenuH pn, ocxajiBHBie ysjiBi nasBiBaioxcH peeyAJipHUMU. B oco6bix 
ysjiax Pn HMeex hojhocbi, a paBencxBa fl37p bbihojihhioxch nesaBHCHMo ox snaHeHHH 
bj. Hpn 3XOM yaeji, oco6bih oxHocHxejiBHo o^hoxo pemeHHH aa^anH fl37p . mojkox 
6bixb peryjiHpHBiM oxHocHxejiBHo ^pyroro pemeHHH. Hxax, aa^ana (I32p paapemn- 
Ma, ecjiH H xojiBKo ecjiH Bce ee yajiBi peryjiHpHBi oxHocHxejiBHo o^hoxo na pemeHHH 
aa^aHH dST]). 

06o6m;eHHaH HHxepnojmpHH flTTp c npocxBiMH yajiaMH cHcxeMaxHHecKH nayna- 
jiacB B |59) . HO npH ^onojiHHxejiBHOM ycjioBHH deg Qn = n. Taxoe orpaHnnenne 
MOJKex npHBo^HXB K HepaapemHMBiM aa^anaM (l37p . Bbijih nojiynenBi neKoxopBie 
KpHxepHH HX paapemHMocxH c xhkhm orpaHnnenneM b ajireCpaHHecKHx h reoMex- 
pHHecKHx xepMHHax. 

IIpHMep 6.1. /I,po6h P 2 {z] a), onpe^ejieHHBie b npHMepe l6.1l Ha ^6.11 hbjihioxch pe- 
meHHHMH aa^aHH o6o6m;eHHOH HHxepnojiHpHH xa6jiHn,Bi {(—1;—1),(1;1)} npn Bcex 
a G C, a BOX pemeHHHMH aa^ann HHxepnojiHpHH xoh xce xaGjiHpBi b oGbihhom cmbic- 
jie ohh hbjihioxch xojibko npn a ^ ±2, nocKOJiBKy ^ 2 ( 2 ^; 2) h ^ 2 ( 2 :; —2) HMeiox no- 
jHOCBi B yajiax HHxepnojmpHH ,^1 = — 1 h ,^2 = 1 cooxBexcxBeHHo. 

Em;e o^hh npHMep. Banana oGbihhoh HHxepnojmpHH xaGjiHpBi npHMepa l6.2l Ha ^6.11 
pemeHHH ne HMeex, o^naKo ona HMeex GecKOHenno mhoxo pemeHHH b o6o6m;eHHOM 
CMBICJie dSZD: 

Pb = Q'/Qi Q{z) = a2z‘^ + 2a3Z^ - a2Z^ - |a2| + Iasi 7^ 0. 


sa^nana no 4)opMe anajicmnna KjiaccHHecKoli HHTepnojismnH Ilafle b cjiynae papnonajib- 
Hbix (pyHKpHH o6ni;ero BH.ua. TepMnn o6o6vu,eHHasi uHmepnoA^v,usi Gbiji BBe^nen b |85| . 
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6.5. OGoGmeHHaa KpaxHaa HHTepnojiaLi,HH nocpe^CTBOM Kax h Bbime, 
onpe^ejiHM o6o6iri;eHHyio KpaxHyio HHxepnojiHpHio xaGjiHpbi bj^s, saMeHHB paBen- 
cxBa (HU Ha is]). Yaeji 6y^eM HasbiBaxb oco6um (cooxBexcxBeHHo pezyAsipHUM) 
omHocumeAhHo pemenusi pn = Q'^/Qn sadauu o6o6'ipeHHOu unmepnoAAyuu fl35|) . 
eCJIH Qni^j) = 0 (cOOXBeXCXBeHHO Qni^j) 7^ 0). OxMeXHM, HXO B ocoGbix ysjiax 
MHoroHjieH Qn HMeex nyjiH xpaxHocxH ne HHJxe rrij + 1, a HMeex nojiiocbi. 

TeopeMa 6.2 [80]. IJoAHasi sadaua (l3^ (m.e. npu M = n) eceeda paspeiuuMa. 

Kax H B cjiynae HHxepnojiHpHH c npocxbiMH ysjiaMH, pemenne sa^aHH fl35|) ne 
Bcer^a ^aex pemenne sa^aHH dj. CcJiopMyjiHpyeM xpnxepHH xpHxepHH paapeniH- 
MocxH nojiHOH sa^aHH fIST]) B xepMHHax peryjiapHocxH ysjioB. 

CJie;j,CTBHe [80] . IJoAnaA aadana eo paapeiuuMa, ecAU u moAhKo ecAU cpedu peiue- 
Huu o6o6'ipeHHou aadauu uHmepnoAAyuu fl35|) naudemcA pemenue pn, Oaa Komopozo 
ece ysAU peeyAApnu. 

KpoMe 3X0X0 xpHxepHH B paGoxe [80] c noMoipbio yxaaaHHofl Bbime pe^yxpHH no- 
jiyneH ajireOpaHHecxHH xpnxepHH e^iHHcxBeHHocxH pemeHHH sa^aHH fl3T]) . a xaxjxe 
xpHxepHH o^HosHaHHOH paspemHMocxH sa^aHH oGoGmeHHOH HHxepnojmpHH fl35|l . 
S^ecb Mbi orpaHHHHMCH (JiopMyjiHpoBxoH ^ipyroro po^a xeopeMbi ^jih eeipecmeen- 
HUX XaGjIHH,. 

TeopeMa 6.3 |8T]. Uycmb p^ — eemecmeeHHosHaHHaA Hfl nopAdna, paenoeo n, 
u ee noAwcu Ae^Hcam ene Kpy 2 a \z\ ^ 1. Ecau pn HeAHemcA pemenueM uoahou 
sadanu dSH) c ysAUMU G [—1,1] u eeipecmecHHUMu snaneHUAMU bj^s, pn — 
eduHcmeeHHaA eeipecmeennaA unmepnoAAyuoHHaA dpo6t,. 


6.6. HHxepnojiapHa Beiij,ecTBeHHbix KOHCxaHx. Pemenne pn = Q'n/Qn sa^a- 
HH oGoGmeHHOH HHxepnojmpHH xoHcxanx npn jiioGom naGope n ysjioB Bcer^a 
cymecxByex, e^HHcxBeHHo h HMeex nopa^ox, paBHbiH n |58ll5^ . TaxHM oGpaaoM, b 
CMbicjie oGoGmeHHOH HHxepnojmpHH HMeeM 


(38) 


pn{z) -C = 


^ Qn{z) ’ 


nn(^) • 'bfc)) Pn(c, ^). 

k=l 


Mojxho BbiHHcaxb H HBHbiH BHfl nopoHyiiaiomero MHoroHjieHa: 

(39) = 

HXO 3HaHHxejibHo ynpomaex openxH xopnefl sxoro MHoroHjiena h norpemnocxH hh- 
xepnojmpHH. HanGojiee hojiho Haynena aa^ana oG HHxepnojmpHH BeipecxBeHHbix 
xoHcxaHx Ha oxpeaxax BeipecxBeHHOH och; cm. [581I791I821I84] . He napyrnaa oGiii;hocxh, 
orpaHHHHMCH HajiojxeHHeM peayjibxaxoB b cjiynae HHxepnojiHpHH nojiojxHxejibHbix 
xoHcxaHx HO yajiaM, jiejxaipHM na oxpeaxe [—1,1]. 

HepBbiH peayjibxax Gbui nojiynen b [8l] ^jih cjiynan HHxepnojmpHH xoHcxanx c G 
(0,15/31) HO HeGbimeBcxoMy naGopy yajioB tk = cos {{2k — l)7r/(2n)), k = l,n. TaM 
floxaaano, hxo Pn{c, {tk}] z) ne HMeex hojhocob b xpyre |2;| ^ 1 h nojiynena openxa 

IIPn(c, { 4 }; •) - c||c([-l,l]) ^ ^ 

K HacxoHipeMy BpeMenn HanGojiee cHjibHbifi peayjibxax nojiynen b [721E2]. HMeHHO, 
floxaaano, hxo npn c > 0 h n > 8c, h jhoGom naGope yajioB ^k £ [~1,1] hmoom 
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TOBHyio no nopn^Ky ^BycToponnioio openKy 

< iip«(c. {&}; ■) - ciic([-i,ii) < 

c onpepejieHHMM Vn{c) > 0, lim„_).oo'yn(c) = 1. Ilpn stom nopnpoK no n Bepxnen 
openKH pocTHraexcn, nanpnMep, npn nnTepnojiHpnn c n-KpaxnbiM ysjiOM = 1, a 
nopnpoK nnjKnen — npn nnxepnojinpnn no neGnimeBCKOMy na6opy ysjiOB {tfc}. 

OxMexHM eni;e, nxo nannie nnxepnojinpnonnBie cJiopMyjiBi 6bijih nojiynenw b m 
MexopoM paanocxnwx ypaBnennn pjin papnonajiBnnix (JiynKpHH Bnpa 

CLlZ bl iri/rx II lrl//-i 

CIZ + 0, - -;—r—, Oi + Oi 0, 02 + O2 0 

( 02 ^ + 02)Z 

(nacxB 3XHX peayjiBxaxoB Gnuia neaaBHCHMo nojiynena E. H. KonpaxoBon |86]). Open- 
KH norpemnocxH nnxepnojinpnn nojiynenw k nacxonn^eMy MOMenxy xojibko b hc- 
KjnonnxejiBnBix cjiynanx, k KoxopwM, noMHMO nnxepnojinpnn Koncxanx, oxnocnxcn 
nape-nnxepnojinpnn. 


6.7. Ilape-HHTepnojiapHa. IlycxB cJ^HKcnpoBana anajinxnnecKan b neKoxopon oxpecx- 
nocxH nanajia cJiynKpHn 

(40) f{z) = fo + fiz + f 2 z‘^ + .... 

CxaJKeM, nxo Bnpa ([T]) nopnpxa u ^ n nBjinexcn H/^ IJade n-xpaxnon nn- 

xepnojinpnn (c ysjiOM z = 0) (JiynKpHH /, ecjin 

(41) f{z) — Pu{z) = 0 ( 2 :”) npn 0. 

Sapana Ilape pjin H/I, Bcerpa HMeex pemenne n npnxoM epnncxBennoe ig. B 
npepjiojKen cnepyron^nn Mexop nocxpoennn H/I, Ilape. Ilpn naxypajiBnwx m 
o6o3nanHM nepea 

(42) S.,. = .... zp) := zp" = 

cmeneHHue cyMMU nnceji z^^. YcnoBne BD , KaK jiexKo BHpexb h 3 fl42|) . paano- 
CHjiBno paapeniHMOcxH oxnocnxejibno \k = z'^^ cncxeMW Sm = —fm-i, m = l,n, a 
nocjiepnnn, xan xoponio naBecxno m Eji. 11, §52-53], Bcerpa HMeex (epnncxBennoe) 
pemenne coBnapaK)m;ee c xopnnMn Mnoronjiena 

(43) Tn{X) = A" - riA"-' + T2X^-^ + ... + (-1)V„, 


xo94)(|)HpHenxBi xoxoporo naxopnxcn no peKyppenmnuM ^opMyjiaM HhwmoHa 


El — /O; Em 





m —1 


y~~! ( fm - j - l'Tj 


i=i 


m = 2,n. 


IloaxoMy Bce xonennwe (n nenyjieBBie) nojnocBi Zk hcxomoh H^I, Ilape cyxB Bejinnn- 
nni, oGpaxnwe nenyjieBWM xopnnM Xk (oGoanannM nx nncjio nepea u) Mnoronjiena 
dlS]). Ecjin Xk = 0, xo nojiaraeM Zk = 00 , n cooxBexcxByioipee cjiaraeMoe b p^ Hcne- 
3aex. B peayjiBxaxe nojiynaexcn ncxoMan H,ZI, Rape nopnpxa u. 

B [S] 6biji npepjiojxen ppyroil nopxop x nocxpoennio H/I, Rape, xoxopwn 3axeM 
anannxejiBno yxonnnji O. R. Kocyxnn |88| . CyxB nopxopa cocxonx b cjiepyioipeM. 
AIjih (JiynxpHH fl40l) paccMoxpnM nnxerpaji a{z) := rpe nnxerpnpoBanne 

BepexcH no jno6oMy cnpnMjineMOMy nyxn b nexoxopon oxpecxnocxn nanajia. Oxa- 
3BiBaexc5i, R,Z], Rape pjiH cJiynxpHH / coanapaex c jiorapncJiMHnecxoH nponaBopnon 
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HacTHHHOH cyMMbi X]fc=o pa^a MaKjiopeHa (IlyHKpHH exp(Q;(^)). Bjiaro^apa xa- 
KOH KOHcxpyKpHH B |88) 6biji HOJiyHeH p3^ HHxepecHBix peayjiBTaxoB o6 oGjiacxH 
cxo^HMocTH nocjieflOBaxejiBHocTH HHxepnojiapHOHHBix Ha^e {pn\ k / (3Ta o6- 
jiacTb, BooGipe roBopa, ninpe hbm xpyr cxo^hmocth pa^a Tefliiopa (JiyHKpHH 
/). KpoMe Toro, b |88) nojiynenbi openKH ocxaxoHHoro Hjiena HHxepnojiHpHH H/I, 
Ha^e fljiH anajiHTHHecKHx (JiyHKpHfl Kjiacca Xap^n Hi. 

B paGoxax [20] paapaGoxaH eipe o^hh mbto^ nocxpoeHna H/I, ITa^e — b bh^b 
HHxerpajia 3pMHTa 


(44) 


Pv(z) = 


271 i 


/(C) 


RniO - Rn{z) 

(C-^)i?„(C) 


dC, ^ e G(7), 


r7;e 7 — cnpHMjiaeMBiil >Kop7;aHOB KOHxyp, co7;ep>Kairi;HH BHyxpn ceGa xoHKy z = 0, 
(JiyHKiiHH / anajiHTHHHa na saMBiKaHHH o6jiacTH G{'y), orpaHHHeHHofi KonxypoM 7, 


Rn{z) 


— Q{z) — — Zk) — z^ + Qv-iz'' ^ + ... + go, 


a sHaHeHHH z/, Zk onpe 7 ;ejieHbi BBime BOKpyr cJiopMyjiBi fH3|l . Ha HMeeM aBHbifi 
BH 7 , ocxaxoHHoro Hjiena 


(45) 


/(z) - p„(z) = ^ z‘ qmfk-m, |z| < 7? 1^1 


CSX 


k=n m =0 

npHBe7;eM 07 ;Hy openKy ocxaxoHHoro Hjiena b cjiynae, Korpa KoacJicjiHpHeHXBi (|)yHK- 
pHH fHU]) no Mopyjno orpaHnnenti njienaMH neKoxopon reoMexpnnecKOH nporpeccnn. 

TeopeMa 6.4 [60]. Ecau \fm-i\ ^ o’" dAA ecex m npu neKomopoM a > 0, mo 


(46) \f{z) - p^{z)\ ^ 


a z r" 


1 — + ar 


ar 


In 


er 


\z\ < r < 


ede En ydoBAemeopsiwm coomnovueHusiM — (1 — = 0, ~ 2n ^ Inn. 


OxMexHM, nxo fl46|) onnpaexcn na cjiepyioni;yio xonnyio no nopnpny BejinnnnBi a 
openny, npepcxaBjinioniyio n caMocxonxejiBnbin nnxepec. 


JleMMa 6.1 |104) . Ecau dAA HuceA Xk ux cmeneHHue cyMMU euda fl42|) ydoeAe- 
meopATom HepaeencmeaM |S'm| ^ a™', m = l,n, mo |Afc| < (1 — en)~^cb, /c = l,n. 


7. PABHOMEPHA5I AnnPOKCHMALl,H5I nOCPEflCTBOM HA KOMHAKTAX 

7.1. Anajior TeopeMti Meprejiana. Hycxb K G C KOMnanx co cBnanwM ponoji- 
nenneM. Jl,Jis co cBo6opnbiMH nojnocaMH cnpaBepjiHBa cjiepyloniaH 

TeopeMa 7.1 [53l|5l]. Jlmdym ^yuKyuio, ydoeAemeopHtovnyw ycAoeuAM meopcMU 
MepeeAAHa [M AI,.l] Ha K (m.e. Henpepuenyw na Kounanme K u anaAnmuHecKyw 
6 ezo enympeHHux moHKax, Kpamno, f G CA{K)) mootcho c ak)6ou moHHocmhm 
paenoMepno npu6AU3um'b na K nocpedcmeoM Hfl. 

7.2. CBasB annpoKCHMaxHBHBix cbohctb h MHoroHJienoB. HycxB K - 
cnpnMjineMbiH KOMnanx (cm. ^1.31 BBezrennn). OGoanannM nepea TZn = 77.„(/, A) n 
En = En{f, K) naHMenBmne paBnoMcpnnie yKjionennn na K cJiynKpHH / ox Mnonce- 
cxBa HAI nopnpna ne Bbime n n MnoronjienoB cxenenn ne BBime n cooxBcxcxBenno. 

Hycxb / G CA{K). B [SSIIM] nonaaano, nxo 

'R[n\n{i/En)]<C En, C = C{f,K), n^no{f,K). 
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IlpH (|)HKCHpoBaHHOM b ^ K HOJIOJKHM «(/; 6, z) = f (t) dt, r^e HHxerpaji Gepexca 
no jieJKamen na K cnpnMjineMon KpnBon, coe^nnaionieH xobkh h vl z & K. O.Yi. Ko- 
cyxHH B [88] ycxanoBHji na cnpnMjineMBix KOMnaxxax cjiaGyio sKBHBajienxHocxb: 


K„+.(/,A-)x£'„(/e”‘^M,A-). 


(47) 


3xox peayjiBxax n pn^ paapaGoxannBix KocyxnnBiM Mexo^oB nosBOJinjin eMy no- 
jiynnxB ^jin anajiorn KjiaccnnecKHX nojinnoMHajiBHBix xeopeM /I,. /InceKcona, 
C. H. BepHnixenna, A. SnrMyH^a, B. K. /lan^BiKa, /],*;. Jl. yojima |88j . HanpnMep, 
^ji3 H/I, nojiynen cjie^yromnn anajior KjiaccnnecKon xeopeMBi ^nceKcoHa-KopHeii- 
nyxa o 6 openKe yKnonennH En{f,K) nepes MopyjiB nenpepniBHocxH uj{f,K-,S). 

TeopeMa 7.2 [88]. Ecau K = D — saMmyrnuu npya uau ompesoK npAMou dua- 
Mempa 2d, mo Bah f G CA{D) umccm 



3pecb, B oxjinnne ox nojinnoMnajiBHoro cjiynan, nejiBsn oxGpocnxb Bxopoe cjia- 
raeMoe b Mancopanxe, xax nan ynce pjin / = const 7 ^ 0 hmccm a;(/, D-, Tid/n) = 0 n 
B xo >Ke BpcMn TZnif, D) 7 ^ 0. 

3xox peayjiBxax b [88] o 6 o 6 n];en na (jDynKpnn c G CA[D), s = 1, 2,.... Ilpn- 
BcpcM enie opnn peayjiBxax O. H. Kocyxnna (ananor xeopcMBi Bepnmxenna), nona- 
3biBaK)ni;HH, nacKOJiBKO b nenoxopbix aapanax cxopnni annpoKCHMaxHBnnie CBoncxBa 
H/I, H MnoronjienoB. 

TeopeMa 7.3 [88]. Uycmb D — saMmyrnuu Kpyz, fd G (0,1)- ^ynnyuA G 
CA{D) nLip^(D) mozda u moAhKo mozda, Kozda 7ln{f,D) ^ . 

ZI,o 6 aBHM K oxoMy, nxo 51. B. HoBan [57] b cjiynae K = [—1,1] nojiynnji npnxe- 
pnn nanjiynmero npnGjinjKennn nocpepcxBOM HZI,, Bnojine anajiornnnbin Kpnxepnio 
A. H. KojiMoropoBa m Bji. 1, §47] nanjiynmero npnGjinjKennn MnoronjienaMH (cm. 
^8.4p . (/Jim KOMnaKxa K o 6 iri;ero nnpa hm ponasana pocxaxonnocxB ycjiOBnn Koji- 
MoropoBa, CM. fl53|) b ^8.41 rpe Bxopon MnononxeiiB napo aaMennxB na KOMnjieKcno 
conpnjKennBiH.) KpoMe xoro, 51. B. HoBan nojiynnji cjiepyroipnn jioKajmnBin anajior 
xeopeMBi Bepnmxenna. 

TeopeMa 7.4 [55]. HenpepuenaA na [—1,1] (^yunyuA f npunadAecncum KAaccy 
1,1]), ecAU u moAhKo ecAU cyiu,ecmeyem (pyrnyuA E G C'([—1,1]) manaA, 

umo 


( 48 ) nn{f,[Xi,X2]){x2-Xi)'^^E{x), -I ^ Xi < X < X 2 ^ I, 


paenoMepHO no x npu Xi,X 2 x. Ecau nocAcduee ycAoeue eunoAUAemcA, mo umc- 
em Mccmo mootcdecmeo 



ripHMenaHHe. Ha xeopeMBi 17.41 Moncno ycMoxpexB nopnpoK CKopocxn nanjiyn¬ 
mero npnGjinncennn MajiBix Koncxanx na oxpesKe [— 1 , 1 ]- ZleiicxBnxejiBno, nycxB 
f{x) = c > Q. Torpa E{x) = Hpn xi = —e, X 2 = e -a e ^ Q m3 

fl45]) pjin H/I, pn{e;x) = epn{s]xe), rpe Pni^] ■) ^ nanjiynmero npnGjinncennn 
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KOHcxaHTM c Ha [—£,£], HMeeM (cp. c fl52|) ). 

gn+l 

max \pn{e-, x) - c\ = + o(g^+^), c = ec. 

3;e[-i,i] / n! 

8. PABHOMEPHA5I AnnPOKCHMALl,H5I HA OTPE3KE flEHCTBHTEJlEHOH OCH 

B 3TOM naparpa(|)e paccMaxpHEaeTCH aa^ana Hanjiynmero paBHOMepnoro npn- 
GjiHJKeHHH HenpepbiBHbix BemecxBeHHbix (JiyHKpHH / na oxpesKe iP C M eeui^e- 
cmeeHHosHaHHUMu (bcb nojiiocbi Koxopbix jih6o BemecxBeHHbie, jih6o nonapno 
conpajKeHHbie). He Hapyrnaa o6ni;HocxH, mohcbm cHHxaxb K = [—1,1], JXjis sxoro 
cjiynaH o6o3HaHHM nepea TZnif) naHMenbrnee yKjioHeHHe cJiyHKpHH / ox MHOJKecxBa 
BemecxBeHHoanaHHbix H/I, nopa^Ka ^ n, a nepea p^{f]x) — BemecxBeHHoaHaHHyio 
HaHjiynmero npH6jiH>KeHH5i (necjiojKHo noKaaaxb, hxo axa cymecxByex |58)B 

8.1. HeeflHHCTBeHHOCTfa h ^pyrne ocoSeHHOCxH HaHJiynmero npH6jiH- 
>KeHHa. Kax yjxe roBopnjiocb, pa^ annpoKCHMaxHBHbix cbohcxb hphh tt hhh- 
ajibHo oxjiHHaioxcH ox CBOHCXB MHoroHjieHOB. HoKajKeM Ha npHMepax, hxo cyme- 
cxByiox HenpepbiBHbie 4)yHKH,HH /, ^jih Koxopbix 

(a) H/I, p*(/;a;) Hee^HHcxEenna; 

(b) paaHocxb p*(/;a;) — f{x) ne xapaKxepnayexcH neGbimeBCKHM ajibxepnaHcoM, 
cocxoHmHM Ha n + 1 xoHeK oxpeaxaB [—1,1]. 

IIpHMep 8.1 jSH]. KajK^aH H/], nopH^xa 2 BH^a 

('‘S) ^e[l,A*], A* = 1 . 62 ..., 

x^ + Xx + 1 

HaHMenee yxjioHaexcH ox cJiyHxpHH f{x) = x + 1 na oxpeaxe [—1,1] cpe;];H Bcex 
H/I, HopH^xa He Bbime 2. BejiHHHHa naHMenbrnero yxjioHeHHH panna 1. Tojibxo b 
cjiynae A = A* HMeexcH ajibxepnaHc na xpex xonex oxpeaxa [—1,1]; ^jih ocxajibHbix 
aHaHeHHH A Hex ^ajxe ^ByxxoneHHoro ajibxepnaHca. 

K 3xoMy npHMepy mojxho ^obaBHXb cjie^yion^ee. (JiyHxpHH x + 1/2 H/I, nan- 
jiynmero npnGjiHJxeHHH y>xe e^HHcxEenna, ona coBna^aex c H/I, fl49p . r^e A = 1, 
npHHeM cymecxByex ajibxepnaHc na xpex xonex: { — 1,0,1}. TaxHM obpaaoM, npn 
npHbjiHJxeHHH Hocpe^cxBOM H/I, cjDyHxpHH, oxjiHHaiomHecH APyr OT APyra jinmn na 
xoHcxaHxy, Moryx HMexb coBepmenno paanbie annpoxcHMaxHBHbie cBoflcxBa. 

Hoajxe npHMep Hee^HHcxBeHHocxH, paBHo xax h HeobaaaxejibHocxH ajibxepnaH- 
ca flJiH HaHjiynmero npnGjiHJxeHHH, Gbiji nocxpoen h ^jih nponaBOJibHoro nopa^xa 
n ^ 2. KoHcxpyxpHH BecbMa cjiojxna h mm ocxanoBHMCH jinmb na ee H^ee. 

IIpHMep 8.2 [751178] . PaccMoxpHM xaGjiHpy HHxepnojiHpHH T = {{xk,yk)}k=i c 

BemecxBeHHbiMH yajiaMH: 

/crnA n ^ fl 7i-A 2/2 + • • • + 2/n 

(50) 0 = Xi < X 2 < ... < x„, yk = — (fc = 2, n), 2/1 =-^-• 

Xfc n — 1 

HecjiojxHo npoBepHXb, hxo aa^ana HHxepnojiapHH xaGjinpbi T HMeex Gecxonenno 
MHoro pemeHHH BH^a 

Pn,sij^') {^Qn,sij^y) X / Qn,sip^') 1 

Qn,s{^) = X"^ + S - , S > 0, 


Ve. H3 ToneK ai < ... < a„+i, KOToptix p*^{f-,ak) - f{ak) = ±(-l)'=7^„(/) . 
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r^e am = o'm{x2, ■ ■ ■ ,Xn) — sjieMeHTapHbie cHMMexpHBecKHe MHoroBjieHbi 

do := 1, ak{zi,..., Zq) := ^ Zj,Zj^ ... Zj^, k = 1^. 

^^ji<j2<-<jk^q 

IIpH 3TOM cymecTByex oxpeaoK I := [si,S 2 ] SHaBennH napanexpa s xaKofi, bxo 
Pn,s He HMeex nojiiocoB na [xi^Xj^. Oxcio^a, b bbcxhocxh cjie^yex, bxo pn,s) s ^ I, 
o6pa3yiox KOMnaKXHoe ceMeficxBo na [xi^Xj^. Bcjie^cxBHe sxoro, BBi6paB e: > 0, 
MOJKHO onpe^ejiHXB nenpepBiBHyio cJiyHKpHio / xaK, bxo 

(51) /(a:i) = 2/1 + £, f{xk)=yk + {-^fe, k = 2,n, \f{x)-pn,s{x)\<e 

npH a; 7^ Xfc, s G /i C /. IIocxpoeHHe saBepmaexcH 7i;oKa3axejiBcxBOM cyipecxBOBaHHa 
BHCJia £* H xaGjiHpBi {x\, yl) co cbohcxbom fl50p xaxHx, bxo jiioGaa 7i;ji3 Koxopofi 
HepaBencxBo b fl5ip BBinojiHeno npn e = e* BCK)7i;y, BKjiioBaa y3JiBi x = x^, HMeex 
nojiioc Ha oxpe3Ke [0,a;„]. 

OxMexHM, Hxo BejiHHHHa HaHjiynmero npHGjiHHceHHH b npHMepe 18.21 paBHa £* h 
7i;ocxHraexc5i bo Bcex xl- IIpH oxom pa3HocxB f{x) — pn,s{x) HMeex na oxpe3Ke [0, x*] 
ajibxepnaHc poBHo h 3 n — 1 xoneK. 

B [78] noKa3aHo, hxo cJaynKpHio / npn nocxpoeHHH npHMepa mojkho BBi6paxB 
xaK, HXO npn o/],hom BHanennH napaMexpa s G /i pa3HocxB Gy^ex ajiBxepHHpoBaxB 
B n + 1 xoHKax oxpe3Ka (a npn 7i,pyrHX BHaneHHHX napaMexpa, no-npencHeMy, — b 
n — 1 xoHKax). 

8.2. HaHJiynmee npH6jiH:a<;eHHe KOHCxaHX h ajibxepHaHC. H3 npe7i;Bi7i,yn];ero 
naparpacjaa bh7i,ho, hxo ^jih H,ZI, ne cymecxByex xohhoxo anajiora KjiaccHHecKOH xeo- 
peMbi n. JI. HeGbimeBa oG ajibxepnaHce. O^naKo (JiyHKpHH neKoxopbix KjiaccoB 
xaKHe aHajioxH Bce xce hmoiox Mecxo. IlepBbie pe3yjibxaxbi b oxom HanpaBjieHHH no- 
jiynenbi 7 i;jih eeipecmecHHUx nocmosiHHux ^yuKynu f{x) = c (cm. [58 ll74p77p79p82] ). 
OxMexHM, HXO Ba^any o HanjiynmeM npnGjiHJKeHHH KOHcxanx mojkho cHHxaxb o/i,- 
HHM H3 aHajioroB 3aflaHH H. JI. HeGbimeBa oG ynnxapHOM MHoroHjiene, naHMenee 
yKjiOHHionieMCH ox KOHCxanxbi. 

B paGoxe |58j npn 7i,ocxaxoHHo Gojibhihx n > no(c) p^oKasaHa Heo6xoduMocmh 
cymecxBOBaHHH (n + l)-xoHeHHoro ajibxepnaHca pjis Hanjiynmero npnGjiHJKeHHH 
KOHcxaHx c G (0, In \/2) nocpe/],cxBOM H/I, nopH7i;Ka n. TaM xce ^OKaBana eduHcmeen- 
Hocmt) Beni;ecxBeHH03HaHH0H H,ZI, p* (c; x) Hanjiynmero npHGjiHJKeHHH. B paGoxe |79j 
p;oKa3aHa docmamouHocm'b yKa3aHHoro ajibxepnaHca, ho npn BecbMa jkocxkom orpa- 
HHHeHHH: |c| ^ Cn, r7i;e nocjiep;oBaxejibHocxb {cn} p;ocxaxoHHo Gbicxpo yGbmaex k 
H yjHo. 3 xh npep;BapHxejibHbie pe3yjibxaxbi oGx.ep;HHHex h ycHjiHBaex cjiep,yioin;aH 

TeopeMa 8.1 |82) . awBou eeipecmecHHou KOHcmanmu c 7^ 0 dpo6'b p'^{c] ■) 
npu naoicdoM n > 8|c| eduHcmeenna u uMeem nopndoK n. 

CyipecmeoeaHue He6uiueecKoeo aAbmepnaHca U3 n + 1 moHCK na ompesKe [—1,1] 
dAA pasHocmu pn — c Heo6xoduMo u docmamoHHo Oaa moeo, Hmo6u pn{x) = Pn{c] x). 
JJaa HauMeHhmux yKAOHenuu lZn{c) umccm deycmopoHHww oyenKy: 

2^-in! ■ chc-Wn{\c\) ^ ^ 2«-in! ' V;(|c|) 

c onpedeACHHUMU noAoatcumeAbHUMu Ki(|c|), IB„(|c|), cmpeMAiyuMucA k edunuye 
npu n ^ 00 . 
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SaMexHM, HTo H3 peayjibxaTOB O. H. KocyxHna (cm. dlZl) H xeopcMy 1.2 H3 [87]) 

C nOMOipblO H3BeCXHOH OPCHKH BCJIHHHHBI En-l{F, [—1, 1]) flJIH (JiyHKpHH F CO 3Ha- 
KOnOCXOHHHOH Ha [—1, 1] npOH3BOflHOH HOJiyHaeXCH flByCXOpOHHHH OpCHKa HaH- 
MeHBHIHX yKJIOHeHHH H/I, ox KOHCXaHXBi: 



B 3XOH OPCHKC Hex OrpaHHHCHHH Ha COOXHOmeHHe MCJKpy C H n, HO HOCXOHHHBie 
MHOJKHxejiH npH |c|”^^2^“”/n! Menee xohhbi, hcm b (152]). 

OnycxHXB hjih cymecxBenno ocjiaGnxB orpaHKHenne na n b yxBepxypeHHH xeope- 
MBi HejiB3H B cjicpyiomeM cMBicjie. H3 [18] cjiepyex, hxo pjiH jhoGoh H/I, nafipexcH 
xoHKa Xq G [—1,1], B KoxopoH |p„(a;o)| < ICn, rpe K. — KOHcxanxa. SnanHx, KOHcxan- 
xBi c > ICn 3aBepoMo ne Moryx xopomo npHGjiHJKaxBCH na [—1,1] xaKHMH ppoGhmh 
Pn, h6o HorpeniHocxB annpoKCHMapHH HMeex b jiynmcM cjiynae nopapoK cbmoh koh- 
CXaHXBI. 

npaBponopo6Ha rnnoxeBa o xom, hxo, KaK h b cjiynae KOHcxanx, anajior xeopeMBi 
HeGbimeBa Bepen pjiH jho6oh nenpepBiBHOH BemecxBeHHOBHaHHofi cJiyHKpHH /, ecAU 
nopnOoK n ^ no{f) docmamoHHO ecAUK [55]. HanpHMep, b [75] nocxpoen npHMep 

HOHBJieHHH epHHCXBCHHOCXH H ajIBXCpHaHCa C pOCXOM fl, a HMCHHO, HOKaBaHO, HXO 
PPo6b p^{x^ + Ij ■) cpHHcxBeHHa h xapaKxepH3yexcH ajiBxepnaHcoM h3 4-x xohck, 
xorpa KaK npn n = 2 Hanjiynmee npnGjiHJKeHHe cJiyHKpHH + 1 neepHHcxBeHHo h 
ajiBxepnaHc Heo6H3axejieH. 

8.3. AjiropHTM nocxpoeHHH HaHJiynmero npHSjiHJKeHHa KOHCxaHx. B 

xeopHH HOJiHHOMHajiBHBix aHHpoKCHMapHH xopoHio H3BecxeH ajixopHXM PeMe3a, c 
HOMOmBIO Koxoporo MOJKHO HOCXpOHXB MHOrOHJICH HaHJiyHHierO npnGjIHJKeHHH H co- 
oxBexcxByiomHH ajiBxepnaHc h 3 n + 2 xohck. Pn — c HMeexcH ajiropnxM nocxpo- 
eHHH ajiBxepnaHca h3 n + 1 xohck oxpe3Ka [—1,1] b cjiynae KOHcxanx c G (0, In y/2), 
n > no{c) (cm. [58]). B [82] noKa3aHo, hxo oxox ajiropnxM nepenocHxcH pocjiobho na 
cjiynaH jhoGoh KOHcxanxBi |c| < n/8. TaKHM o6pa30M, c ynexoM npepBipymen xeo¬ 
peMBi, ajiropHXM npHBopHX k nocxpoennio H/I, p* (c; •) HaHjiynmero npnGjiHJKeHHH. 
IlpHBepeM 9XOX ajiropHXM |58) . 

Cnanajia Gepyxcn hpohbbojibho y3JiBi — 1 < ,^i < .. . < ^„ < 1 h pjiH f{x) = c 
CXpOHXCH HHXepnOJIHpHOHHan H/I, Pn{x) (opHH H3 CHOCoGoB HOCXpoeHHH CM. B (135]) 
H fl39]) B BbIHHCJIHIOXCH SUp-HOpMBI Nk pa3HOCXH Pn{x) — C Ha OXpe3KaX 

k = 1,... ,n -f 1, rpe = ~1, = 1. Ecjih Bce Nk paBHBi, xo HCKOMaa H/I, 

Hocxpoena. B npoxHBHOM cjiynae BBiGnpaexcH KaKOH-jinGo HOMep m, pjiH Koxoporo 
3HaHeHHe MHHHMajiBHo. Ecjih 2 ^ m ^ n, xo cooxBexcxByioipHe y3JiBi h 
cjiexKa «pa3pBHraioxcH», x.e. BaMenaioxcH na Cm + £, £ > 0- Ecjih m = 1, 

xo y3eji ^1 «cpBHraexc5i» BnpaBo, ecjiH m = n-|-l, xo y3eji Cn «cpBHraexc5i» bjicbo. H 
Bce noBxopnexcH c hobbim naGopoM y3JioB. IIoKaBaHo, hxo npn pocxaxoHHo MajiBix 
£ > 0 HMeeM yGBiBaHHe HopM pa3HocxeH hhxcphojihphohhbix H/I, h c na [—1,1]. 
IlapaMexp e: b sxom npopecce, ecxecxBCHHo, yMeHBinaexcn. 

3a HanajiBHBiH naGop y3JioB HHxepnojiHpHH peKOMenpyexcn GpaxB naGop y3JioB 
HeGBimeBa, x.k. HopMa pa3HocxH cooxBexcxByioipeH HHxepnojiHpHOHHOH H,ZI, h c 
G jiH3Ka HO nopapKy k naHMCHBineMy yKjioHCHHio |82j . 
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8.4. KpHTepHH HaHJiynmero npH6jiH:a<;eHH5i Beiij,ecTBeHH03HaHHMx cJjyHK- 
pHH Ha OTpesKe. 51. B. HoBaK ^oKasaji cjie^yiomHH KpHxepHfl HanjiyBinero npn- 
GjiHJKeHHH BemecTBeHHoaHaBHbiMH BeipecTBeHHBix HenpepBiBHbix na OTpeaxe 
[—1, 1] (jDyHKpHH /, BnOJIHe aHajIOrHBHblH KpHXepHIO KojIMOropOBa ^JIH nOJIHHOMOB. 

TeopeMa 8.2 [97]. HMeeM pn{x) = p^{f;x), ecjiu u moAt>Ko ecAU Oaa npouseoAb- 
Hou HJ], pn, He UMemipeu noAwcoe na [—1,1], eunoAHAemcH Hepaeencmeo 

(53) min(p„(a;) - pn{x)){pn{x) - fix)) ^ 0, 

x£E 

ade E = {x e [-1,1] : \ fix) - pnix)\ = \\f - p„|lc([-i,i])}. 

Cjie^yiomHH KpHxepHH HanjiyBinero npnGjiHJKeHHa b xepMHHax ajiBxepnaHca b 
H acxoHipee BpeMH HBjiaexca HanGojiee o6iri;HM peayjiBxaxoM b sxom nanpaBjieHHH. 
HeKoxopBie ero BacxHBie cjiynaH (|)opMyjiHpoBajiHCB b jZllEZlEslET]. 

TeopeMa 8.3 [T^ISTj . Uycmb eeipecmeeHHOSHaHHaA H/f pn UMeem nopndoK, pae- 
Huu n, u ee noAwcu pacnoAootceHu ene npyaa \z\ ^ 1. Tosda pn{x) = p^{f]x) e moM 
u moAbKo moM cAyuae, Koada dAA pasHocmu f — pn na [—1,1] UMeemcA aAbmep- 
Hanc U3 n + 1 mouen. Upu amoM p* (/; x) neAfiemcA eduHcmeennou H/f HauAynmeao 
npuBAUMcenuH. VcAoeue na pacnoAocHcenue noAtocoe ocAa6umb neAbSA. 

SaMexHM, Bxo b xeopeMe 18.31 HeB03Mo>KHocxB ocjiaGjieHHa ycjioBHH na nojiiocBi 
03HaBaex, bxo ecjin xoxa 6bi op,Ha napa KOMnjieKCHBix conpajKeHHBix nojiiocoB pn 
nonap;aex b xpyr \z\ ^ 1, xo, Boo6iri;e roBopji, npn BBinojiHeHHH p;pyrHX ycjiOBHH 
xeopeMBi Pn MOJKex He 6bixb Hanjiynmero npHGjiHxceHHH, hjih H/I, naHjiynmero 
npnGjiHJKeHHH Heep;HHcxBeHHa. 

Tax, B npHMepe 18.11 B03HHKaex Heep;HHcxBeHHocxB, xoxh npn A = A* na oxpe3Ke 
[—1,1] HMeexcH ajiBxepnaHc h 3 xpex xonex. 3p,ecB ycjioBHe xeopeMbi 18.31 ne bbihoji- 
HeHo, nocKOJiBKy hojiiocbi H/I, jiejKax na ep;HHHHHOH oKpyxcHocxH. 

B HocxpoeHHOM HHHce npHMepe 18.31 joKaBana Hep;ocxaxoHHocxB p,a>Ke 2?7, — 1 xonex 
ajiBxepnaHca Hanjiynmero npnGjiHJKeHHH. TaM xaKxce ycjioBHe xeopeMw 18.31 ne 
BBiHOJiHeHo: Bce HOJHOcbi H/I, jiejKax enympu ep;HHHHHoro xpyra. AI,pyrHe npHMepw, 
CBH3aHHBie C HeB03M0>KH0CXBI0 OCJiaGjieHHH yCJIOBHH Ha HOJHOCBI, CM. B |8l| . 

OGpaxHM BHHMaHHe Ha xo, hxo b xeopeMe nopHp,oK pn paBen b xohhocxh n. 3xo 
orpaHHHeHHe b |HT] chhxo npHMeHHxejiBHo k docmamouHocmu ajiBxepnaHca, x.e. no- 
Ka3aHo, HXO npH najiHHHH yKa3aHHoro ajiBxepHaHca h ycjioBHH na hojiiocbi hmccm 
Pnix) = Pnif'jx) H B cjiyHac, Korp;a nop5ip;oK pn ne BBime n. no-BHp,HMOMy, ycjioBHe 
h36bixohho h b oxHomeHHH Heo6xop,HMocxH ajiBxepnaHca h ep,HHcxBeHHocxH nan- 
jiynmero npHGjiHJKeHHH. 

Panee 51. B. HoBax |97) p;oxa3aji anajior xeopeMBi |83]p,ji5i cjiynan n eetpecmeeH- 

HUX paSAUUHUX HOJIIOCOB 3a HCXJHOHeHHCM yXBep>Xp,eHH5I O ep;HHCXBeHHOCXH. ,II,JI5I 
cjiynaH n pasAUHHux hojiiocob p;po6H pn p;ocxaxoHHocxB ajiBxepnaHca Ghijia p,oxa3a- 
Ha B na, a Heo6xop,HMocxB ajiBxepnaHca h ep;HHcxBeHHocxB HaHjiynmero npnGjiH- 
JXeHHH - B |83j . 

TeopeMy 18.31 mojxho nepe(|jopMyjiHpoBaxB. IlycxB X — hpohbbojibhbih xoMnaxx 
Ha C, pacHOJiojxeHHBiH cHMMexpHHHo oxHocHxejiBHo R H He HMeioipHH oGipnx xonex 
c xpyroM \z\ ^ 1. Hepe3 p**(X;/;x) oGobhhhhm H/I, HaHjiynmero npHGjiHJxeHHH 
(JiyHxpHH / Ha [—1,1], cpep;H Bcex Bein;ecxBeHH03HaHHBix H/I, nopHp;xa n, hojiiocbi 
xoxopBix jiejxax na X (xaxaH H/I,, oHeBHp;Ho, cyipecxByex h HMeex nop5ip;ox, pan- 


HBIH n). 
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TeopeMa 8.4 . HMeeM p**(X; /; x) = Pnif] x) e moM u moAhKo moM CAyuae, Koeda 
Oaa pasHOcmu f — p**(X; /; x) na [—1,1] UMeemcH aAbmepnaHC U3 n + 1 mouen. 

37i;ect. ycjioBHe na KOMnaKx ocjia6HTB nejiBSH b cjie 7 i,yioiri;eM cmbicjib. Ecjih X 
HMeex Henycxoe nepeceHenne c KpyroM \z\ ^ 1, xo ajiBxepnaHc, Boo6iri;e roBopa, ne 
rapanxHpyex paBencxBO p**(X;/;a:) = p’^{f;x) [8T] . 

TeopeMV 18.31 motkho 7 i;onojiHHXB xeopeMoii xnna BajiJie-IIycceHa |27[ Eji. 2, §32]; 

TeopeMa 8.5 [T^IST] , Ecau noAwcu H/^pn nopnOKa ^ n Aecncam ene Kpysa \z\ ^ 1 
u HaudymcA mouKU tn+i ^ 1 maKue, umo 


/(^i)-Pn(tj) = ±(-1)^%, > 0, j = l,n+l, 


mo IZnif) ^ min{ai,..., a„+i}. 

OxMexHM, Hxo 7i;ji3 pn nop37i;Ka, paBHoro n, sxa xeopeMa b 7i;pyrHX xepMHHax Gbijia 
c(|)opMyjiHpoBaHa kbk rnnoxesa b inn (cm. xaKJKe m- 

8.5. He6MmeBCKHe CHCxeMbi c|)yHKii,HH, CBaaaHHbie c H^. H^^ea ;^OKa- 
aaxejiBCTBa xeopeMbi o6 ajiBxepHaHce. HanoMHHM, axo cncxeMa 
(JiyHKpHH, HenpepBiBHBix Ha MHOJKecxBe K (Z C, coT^epacameM ne Menee n +1 xonex, 
yT^oBjiexBopaex ycAoeuw Xaapa, ecjiH 7 i;jih bchkoxo o6o6n];eHHoro nojiHHOMa BH7i,a 


Xn^Cti, . . . , ttn] z) aifi{z) + . . . + anfn{z) ^ 0 


c K03(|)(|)Hii,HeHxaMH ttj G C, HHCJio 6 X 0 pasjiHHHBix HyjieH Ha K He npeBocxo 7 i;Hx n — 1 
(cm., HanpHMep, m Fji. 1, §§43-48]). ycjioBHe Xaapa, OHeBH 7 i;Ho, sKBHBajienxHo xo- 
My, Hxo 7 ^ 0 jhoGbix pasjiHHHBix n xonex E K n, khk 7i,oKa3aji 

A.Xaap, paBHocHjiBHo eduHcmecHHOcmu nojiHHOMa a\fi anfn HaHjiynmero 

npH6jiH7KeHHH 7 i;jiH Ka7K7i;oH nenpepBiBHOH na K cJiyHKpHH /. B nacxHocxH, ecjiH 
(JiyHKpHH fj BemecxBeHHBi H y 7 i;oBjiexBop 5 Hox ycjioBHio Xaapa na oxpesKe [—1,1], 
xo cHcxcMy {fi,..., fn} HasBiBaiox cucmeMou He6umeea na [—1,1]. Ha chcxcmbi 
(J iyHKpHH He 6 BinieBa 7 i;ocjiobho nepeHocHxca xeopeMa H. JI. He 6 BimeBa 06 ajiBxep- 
HaHce H HeKoxopBie 7 i;pyrHe pesyjiBxaxBi xeopHH npHGjiHHceHHH ajireGpaHHecKHMH 
HOJIHHOMaMH. 

By7i,eM roBopnxB, hxo CHCxeMa {/i, ..., /„} anajiHXHHecKHX cJiyHKpHH y7i,OBjiexBO- 
paex ycuACHHOMy ycAoeuw Xaapa (b saMKHyxoH hjih oxkpbixoh) o6jiacxH X C C, 
ecjiH BCHKoro o6o6n];eHHoro nojiHHOMa Fn{ai, ..., z) ^ 0 cyMMa KpaxHocxefl 
ero Hyjiefi na K ne npeBocxo 7 i;HX n — 1. 

HycxB xoHKH zi,... ,Zk JiejKax BHe Kpyra |^| ^ 1 h pacnojiojKeHBi cHMMexpHHHo 
oxHocHxejiBHo BeHi;ecxBeHHOH ocH M. BBe7i,eM cHcxeMy y h 3 n (|)yHKH,HH BH7i;a 



r 7 i;e Ka 7 K 7 i;oMy nojiiocy Zj conocxaBjieHO hhcjio rrij = rn{zj) G N, npHHeM rn{zj) = 
m{zk), ecjiH = 17 H Zj ^ M. 

Ot^hhm h3 BCHOMoraxejiBHBix HHcxpyMeHxoB 7i;oKa3axejiBcxBa xeopeM 18.3118.51 hb- 
jiHexcH cjie7i;yion];aH xeopeMa, npeT^cxaBjiHiomaH h caMocxoaxejiBHBiH HHxepec. 

TeopeMa 8.6 |8Hl55] . Cucmeua y na ompesKe [—1,1] ydoeAemeopnem ycuACHHOMy 
ycAoeuH) Xaapa. 

OrpaHHHHMCH cxeMOH 7i,oKa3axejiBcxBa ocjia6jieHHoro Bapnanxa xeopeMBi: cHcxe- 
Ma y yT^oBjiexBopaex odBiHHOMy ycjioBHio Xaapa b cjiynae, Kor 7 i;a Bce rrij = 1. Kax 
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roBopHJiocb, B 3TOM cjiyBae ycjioBHe Xaapa paBHocHJiBHo ycjioBHio 

^^({6}; {zj}) ■= det((ei - ^ 0 

no BceM Ha6opaM na n paajinnnBix xoneK oxpeaKa [—1,1]. B ^oKaaaxejiBcxBe sxoro 
nepaBencxBa KjiioneBBiM nBjinexcn xojK^ecxBo Bopxapxa (cm. |93[ §1.3]); 

(55) ®({6}; {z,}) = W ■ T, 

r^e W vlT — ^exepMHnanx n nepManenil^ MaxpnpBi cooxBexcxBenno. 

Onpe^ejiHxejiB W pacKjia^BiBaexcn no nsBecxnon (cm. m Bji. 1, §14]) (JiopMyjie 

W = det((e, - z,)-%., = 

llij=i(s« ^j) 

B paccMaxpHBacMOM cjiynae, xobkh ^i, panno nan n nojiiocw Zj, nonapno paajinnnBi, 
nosxoMy W ^ 0. Hcckojibko cjioncnee ^oKaaniBaexcH (cm. [771181] ). nxo n nepManenx 
T 7 ^ 0. B peayjiBxaxe npnxo^^HM k ncKOMOMy nepanencxBy {zj}) ^ 0. 

IIpHMeHaHHe. Ecjih b fl 54 |) Bce Zj BeniecxBennBi n jicncax aa npe^ejiaMn oxpeaKa 
[— 1,1], xo no xeopcMe l8 . 6 1 cncxcMa x na oxpeaxe [—1,1] y^oBjiexBopnex ycuAennoMy 
ycAoeuH) He6ume6a. 3 xo yxBepnc^enne ^jih chcxcmbi (|)ynKn,HH {(x — 2)7)“^}”^^ c n 
nonapno paajinnnBiMH nojnocaMH Zj G M npn ycjiOBnn cnpaBe^JiHBOcxn xoJK^ecxBa 
Bopxapxa (l 55 |) BnepBwe Gbijio ^onaaano b | 97 ] (cm. xannce | 77 [l 83 ] B 

rTpHMenenne xeopcMBi 18.61 k ^oKaaaxejiBcxBy xeopcMBi 18.31 ocyn^ecxBjiHexcn no- 
cpe^cxBOM cjicflyron^en jicmmbi h ee cjie^cxBnn. 

JleMMa 8.1 [741I8T] . IJycmh pn{x) = (lnQ(a;))', sde Q — uoauhom cmenenun euda 
Q{x) = (x - zi)"^^ ...(x- Zk)’^'= (mi + ... + mfc = n), 


Zi,..., Zk — nonapno pasAunnue mouKu na C, a mj — namypaAhHue hucao. Toada 
dAA Atodou HJHpn{x) = (lnP(a;))' nopfidna ne eume n cyipecmeywm n odnosnaHHO 
onpedeAennux hucca aj^s manux, umo 


pn{x) - pn{x) 


N k ruj+l 

Q[x) aj^s 

Pix) ^ ^ ix — ZjY' 

^ > j=l s=2 ^ 


Ha JICMMBI H xeopcMBi 18.61 nojiynaexcn 

CjieflCTBHe. Ecau ece noAwcu eeipecmeennosHaHHOu H/1, p^ nopndKa n Aecncam 
ene Kpysa \z\ ^ 1, a pn ^ Pn — dpyaan eeipecmeennosHaHHaA nop^dna ne 
eume n, mo cyMMa Kpamnocmeu nyAeu paenocmu Pn—Pn Ha[—1, 1] ne npeeocxodum 
n — 1. B nacmnocmu, pn — Pn UMeem na [—1,1] ne doAee n — 1 pasAuunux nyAeu. 

Ha cjie^cxBHn cpaay nojiynaexcn ^ocxaxonnocxn ajiBxepnanca b xcopcMc 18.31 /Jen- 
cxBHXcjiBno, nycxB ^jin paanocxn f — Pn cyipecxByex ajiBxepnanc na n + 1 xo- 
ncK —1 ^ ti < ... < tn+i ^ 1. ,II,onycxHM cyipecxBOBanne H,ZI, pn, Koxopon 
max[_i^i] \ f — Pn\ > niax[_i^i] |/ — Pn\- Tor^a npn j = 1, n + 1 hmccm 


Sgn[p„(tj) - Pn{tY] = Sgn[{pn{tj) - f{tj)) - {Pn{tj) - = ±(-l)^ 


xaK nxo (JiynKpHn Pn—pn hmccx na nnxepnajie (— 1 , 1 ) ne Mcnee n paajinnnnix nyjien. 
Ho xor^a no cjicflcxBHio pn = Pn- npoxHBopenne c ^onymenncM. 


^IlepMaHeHT KBa/ipaTHofi MaTpHiibi — 3 to MaxpHnnaH (|)yHKiiHH, BbinHCjiaeMaH no npaBHjiy 
pasjiojKeHHH onpejiejiHTejiH, no c tom OTjinnneM, hto nepeji KajKjibiM nponsBejieHHeM ajieMenTOB 
nesaBHCHMO ot neTHOCTH cooTBeTCTByronieii nepecTanoBKH CTasHTca njiioc. 
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8.6. MHHHMajibHoe hhcjio ToneK ajitTepnaHca, rapaHTHpyromee naHJiyn- 
mee npH6jiH:a<;eHHe. Bonpoc o MHHHMajibHOM HHCJie N xoneK ajitTepnanca, ra- 
paHTHpyiomeM HaHJiynmee npHOjiHacenne nocpe^cTBOM H/I, nopa^Ka ^ n nesaBH- 
CHMO OT CBOHCTB npH6jIH>KaeMOH HenpepBIBHOH (JiyHKpHH paCCMaxpHBajICH B HSj. 
OKasBiBaexcH, hxo N = 2n. ^eflcxBHxejiBHo, ^ocxaxoHHocxB xaKoro nncjia xonex 
ajiBxepnaHca oneBn^Ha; a He^ocxaxoHHocxB 2n — 1 xonex no^xBepjK^aexcH cjie^y- 
lomHM npHMepoM (npH HSJiojKeHHH orpaHHHHMCH cjiynaeM hbxhbix n). 

IIpHMep 8.3 [751181] . Bae^eM cjie^yiomHe nojiojKHxejiBHBie na M MHoroHjienBi 

m m 

P{x) = e+ Y\_{x+ 2.~’')'^, Q{x) = e+ '^{x - 2~^Y, e > 0, 

k=l k=l 

cxeneHH n = 2m. /^oKasano ITS], Hxo npH flocxaxoHHo MajioM e: > 0 MHoroHjien 
P'Q — Q'P HMeex poBHo 2n — 2 npocxBix nyjiefi £ (~1) !)• Oxcio^a cjie^yex, hxo 
pasHocxB pn = Q'/Q vipn = P'/P B xoHKax HMeex 2n — 2 nepeMen snaKOB. 
JlexKo BH^exB, Hxo jiioGaH nenpepBiBnaa BemecxaennosHaHHaa cJiyHKpHa /, rpa(|)HK 
KoxopoH npoxo^HX Hepea xohkh {^k, Pn{^k)) h Koxopaa y^oBjiexBopaex ycjiOBHio 

Sgn {f{x) - pn{x)) = Sgn {f{x) - pn{x)) = Sgn (p„(x) - pn{x)) 

{2n—2 nepeMen anaKon), npnGjinjKaexcn (na jno6oM cxpeane) ^poGnio pn Jiynme, neM 
;];Po6bio Pn- xoro, nxoGw paanocxB f[x)—pn{x) HMena 2n— 1 xonex ajiBxepnanca 
ocxaexcH ^onojinnxejiBno noxpeGoBaxB ox /, nxoGni na Bcex 2?7, — 1 npoMencyxKax 
oxpeaxa [—1,1], r^e anann paanocxn f[x) — Pn{x) nocxonnnw, sup-nopMBi axon 
paanocxH Gbijih o^^nnaKOBBiMn. 

9. AnnPOKCHMAIJ,H5I nOCPEflCTBOM H,I][ B Lp{R). PHflBI H,^ 

9.1. Kjiacc annpoKCHMHpyeMMx cJjyHKpHii. IlycxB p G (1,cxd). Hepea Sp o6o- 
ananHM Kjiacc Bcex KOMnjieKcnoanannwx (JiynKpHH f & Lp = Lp{R), npnGjinjKae- 
MBix CKOJiB yro^no xonno nocpe^cxBOM H/I, b MexpnKe Lp. Hojinoe onncanne Kjiacca 
Sp nojiyneno B. K). IIpoxacoBBiM b paGoxe [98]. Hm, b nacxnocxn, noKaaano, nxo 
jnoGan cJiynKpHn f & Sp najinexcn anajinxnnecKon na M, npo^ojiJKaexcn Mepo- 
MopcJinoH na KOMnjieKcnon njiocKocxn C (|)ynKn,HH n npe^cxanjinexcn b an^e pn^a 
f{x) = Poo{x) = ~ cxo^3n];eroc3 b Lp. IIpH axoM noKaaaxejia cxo^n- 

MocxH nocjie^oBaxejianocxH {z^} y^oBjiexBopnex nepaaencxay 

(56) r{{zk}) ^ 1 - 1/p, T{{zk}) := inf |7 > 0, \zk\~'^ < cx)|. 

TaKHM oGpaaoM, Kjiacc Sp cocxonx na xex n xojibko xex (jDynKpnn /, Koxopaie npep,- 
cxaBjinioxcn b BHp;e cxop;3n];HXCH k bhm b Lp pHp;oB H/I,. 3xox peayjiaxax nnn Ti nn- 
poaaji naynenne p5ip,oB H/I, |56l[7DHZ2]. 

OxMexHM, nxo b cjiynae p = oo cnxyapnn anannxejiano naMennexcn. Kan nona- 
aajiH n. A. Bopop,Hn n O. H. Kocyxnn [301 ED, B paanoMepnoH MexpnKe KacHcdasi 
nenpepaiBnan na M cJiynKpHn / c nyjieBBiM ananenneM na 6ecKonennocxH c jno6oH 
xonnocxBio npnGjinjKaexcn nocpep;cxBOM H/I,. 

npep;nojio>KHM, nxo pnp; ~ ^k)~^ cxop;HXC5i b Lp, p G (1, oo), k nenoxopon 

(JiynKpHH p & Lp (x.e. p G Sp). SannmeM axo b BHp;e 

p{x) = p^{x) = - ^k)~\ 


( 57 ) 


X G M, 
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dSZ]) cxo^HTCH K pB Lp GesycjioBHo |98]. Hepea Zk = Xk+ii/k, k = 1,2,..i/k > 0, 
6y^eM oGoaHaaaTL. aanyMepoBaHHbie b KaKOM-jinGo nopa^xe noaiocBi cyMMBi fl57|) . 
aeacaipae b C"*". Ecah aacao m ^ 0 xaKHx noaiocoB KOHeano, to ^aa e^HHooGpaaaa 
aanacea 6y^eM caHTaxB Zm+k = oo n {z — Zm+k)~^ = 0, /c G N. To ace Gy^eM 
npe^noaaraxB oxHocaxeaBHo noaiocoB, aeacaipax b C“; Gy^eM oGoaaaaaxB ax aepes 
Zk = Xk + ipk- Bae^eM aacxaaaBie cyMMBi Pn{,z) + 'pn{z), r^e 

E TI ]_ y ^ 7 X ]_ 

k ^ ^ 1 — 

fc=l Z — Zk Z-^k=l Z — Zk 


a aoaoacaM pn = Impn, = R-ep^, pn = Impn, = Rep„ (cm. d). /(oKaaa- 
xeaBcxBo ocbobbbix peayaBxaxoB b j98] ocaoBaao aa apeoGpaaoBaaaa TaaBGepxa, 
Koxopoe oapep;eaaexca (aoaxa Bciop;y) Kax |32) 


(58) 




ilim/' 


f G Lp, X G M, 


a aa cJiopMyaax Coxopxoro-IIpaBaaoBa H{pn) = —ipn a H{pn) = ipn, T.e. 


(59) Er(l^jj) Pm L[(^Pji^ H (^Pfi^ Z/jj. 

Xopomo asBecxBO, axo oaepaxop H : Lp ^ Lp apa p G (1, cxo) orpaaaaea, aooxoMy 
aa fl59]) . B aacxBocxa, aoayaaioxca caaGaie oxBaBaaeaxaocxa WvnWp zz ||pn||p ^ \\Pn\\p 
(ae aaBBcamae ox n). 3p;ecB a p;aaee b oxom aaparpa(|)e apaMeaaexca oGoaaaaeaae 

II ■ lip := II • lUp, 1 < p ^ oo. 

IlycxB BBiaoaaeao fl57j) apa 1 < p < cxd. Torp;a c yaexoM fl59|) aoayaaM |98) 
lipnilp ^ l|pn Pnllp || H(Vji T ) 11p ^ 


(60) ^ ^pll^^n T ^n||p ^ kp \\Pn T Pn||p ^ kp llpllpj ^ ^ ^^5 

rp,e kp — BopMa oaepaxopa THaBGepxa. Ha xeopcMBi B. JIcbb caep;yex, axo acyGai- 
Baiomaa aocaep,OBaxeaBBOcxB cxop;axca b Lp x cl^yaxpaa p a ||p||p ^ ^p||p||p- 
Oxciop;a a na Ht'nllp l|Pn||p BBixexaex, axo aocaep,OBaxeaBBocxB {I'n} aBaaexca 
4)yBp,aMeBxaaBBOH b Lp a, aaaaHX, cxop;axca x aexoxopoa (|)yBxa;aa u, apaacM 
||z/||p ^ hp ||p||p. Caep;oBaxeaBBo, aocaep,OBaxeaBBocxB p„ cxop;axcH b Lp x cl^yaxpaa 
a = p + iu a ||ct||p ^ kp{l + Pp)||p||p. AaaaoraaaBi paccy>xp;eBBa a oa;eBxa pjis 
4)yBxa;aa co aaaxoM 

3p;ecB Bajxao, axo p < oo, aocxoaBxy oa;eBxa xoMaoaeax ana aepea ax cyMMy 
p = a + a apa p = oo aeBoaMOJxaa. Moacao yxBep>xp;axB aaniB, axo (caep,yK)n];a3 
oa;eBxa xoaaa ao aopap;xy) |49] 

(61) lIPnIloo ^ const ■ Inn ■ \\pn + PnlU- 

TaxBM oGpaaoM, pjis cxop;aMocxa (157)) BeoGxop;aMa a p,ocxaxoaaa op;BOBpeMeBaaa 
cxop;aMocxB b Lp cyMM p„ h p„, ana h ana pn a pn (xo ecxn op;BOBpeMeBBaa 
xoaeaaocxB Lp-aopM cyMM p{x) := lim^^oo Pn(a^), p(x) := lini„_j.oo Pn(a^) aaaxoao- 

CX03BBBIX pap;OB). 

Hxax, aap;aaa aaapoxcaMapaa b Lp = Lp(M) apa xoaeaaBix p cjiaxxaaecxa cbo- 
p;bxc 3 X accaep,OBaBaio cxop;aMocxa p3p;oB H/I, b Lp, a aocaep;Bee aaaaaxeaBao 
oGaeraaexca xcm, axo p,ocxaxoaBo aayaaxn pap;Bi, ece nojiwcu nomopux AecHcam 
6 C"*". KpoMe xoro, b oxom cjiyaae cxop,aMocxB (l57)) paBBocaanaa xoaeaaocxa Lp- 
BopMBi IIpIIp, aaaxoaoaojxBxeaBBoro pHp,a p{x) = lini„^oo p„(x). B cBaaa c oxbm 
B paGoxe [HB] c(|)opMyaapoBaBa 3ap;aaa: nanoe Kpumepuu cxoduMocmu fl57p e mep- 
Munax nocAedoeameAhHocmu noAwcoe {zk\ C C"*", uau, nmo mo otce caMoe, nanoe 
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Kpumepuu djin ||/i||p < oo. (IlpH p = oo aa^ana o cxo^hmocth npe^cxaBjiaeTCH sna- 
HHxejibHo Gojiee cjiojkhoh na-aa xoro, hxo BMecxo flHUj) mojkho yxBepjK^axb .ttm ttt b 
ilSHi). ripHBefleM HecKOJiBKo peayjiBxaxoB. 


9.2. HeKOTopbie KpHxepHH cxo;j,hmocth pa^OB IlycxB c nojiio- 

caMH Zk G C’*'. IlpH 1 < p < 3 HMeeM cjiep;yK)Hi;HH KpnxepHH cxop;hmocxh EH: 

||/i||p < oo » Im ^'^<00 (Vn), 

rp,e A = A{p,{zk}) ne aaBHcnx ox tt,, a cyMMHpyioxcH aHanenHii op;HoaHaHHOH b C“ 
anajiHXHHecKOH boxbh 


f^n ^(^) = \pn{z)Y p = argp„(^) G (0,7r), z G C . 

IlpH 3XOM cnpaBep,jiHBa p;BycxopoHH5i5i opeHKa 

(62) llPnll^cos ^^^^ ^ 271 Im ^ \\pn\\l- 

HaH6ojiee npocxoH bh^; fl62|) nojiynaexcH npn 1 < p < 2; 

(63) iif>iip^El.J'’”(^)r''' 


B o6in;eM cjiynae, onHpaacB na ([9]), mojkho nojiynHXb cjiep;yioin;HH KpHxepHli. 


TeopeMa 9.1 [H]. VcAoeue ||p||p < cc (p„ p e Lp) eunoAH^emcsi mosda u 
moAhKo moeda, Koeda naudemcA KOHennaA eeAununa A = A{p, {zk}) manaA, nmo 
Oaa ak)6ux n G M u g & Hq eunoAHAemcA Hepaeencmeo 


E ' 7X 


^ A 


(p ^ + q ^ = 1, l<p< cx)). 


9.3. HeKOTopbie p,pyrHe ycjiOBHH cxop,hmocth. IlycxB BbinojiHeno fl57)) (x.e. 
IIpIIp < oo, p G (l,cxo)). Ha p;BOHcxBeHHocxH ([9]) nojiynaioxcH paBHOMepHBie ox- 
HOCHXejIBHO Xo G M OpeHKH (c BejIHHHHOH A = H(||p||p,p), He aaBHCHHiefl ox £ H 

h) [SP: 

(64) \zk — Xo + ^ A ■ — - h~^, 0 < e < -, h > 0; 

^-^k=i 1 — pe p 

Oxciop;a c ynexoM (jl]) mojkho, BaHB h = 1, nojiynHXB opeHKy fllip . OpeHKa fl64)) xonna 
B xoM cMbicjie, Hxo HOKaaaxejiB cxenenn 1/q' b hhx nejiBaa yMeHBmnxb. OpeHKa fIM)) 
yxoHHHex flS^ . 

npHBep;eM eme neKoxopbie peayjiBxaxbi o cxop,hmocxh na EH. EcJIH BblHOJIHeHO 
(El, xo nocjiep,OBaxejiBHocxB pn(x) cxop,Hxc 5 i k p(x) paenoMepno na R, cJiyHKpHH p 
anajiHXHHHa npn Im z < ^o(p)||p||p‘' H 

IIpIIoo ^ 4l(p)||p||^, |p'(x)| ^ 2||p|U •p(a::), x G R. 

KpoMe xoro, cnpaBep;jiHBa sKBHBajienpHH 

E OO 

pP{ck)<oo Wck e[k,k + l], 

k=—oo 

Ha KOXOpOH, B HaCXHOCXH, BBIXCKaeX HMHJIHKapHH ||p||p < CX 3 ^ ||/l||r < OO HpH 
p < r. Ha HMHjiHKapHH nojiynaeM: Sp C Sr npn r > p. 

H. P. KaioMOB B nnun] HOJiyHHji Heo6xop,HMoe ycjioBHe p,ji5i (I57p b BHp,e: 

OO 

||p||p<C 50 

k=l 


(65) 


< OO, 
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r^e zl — nocjie^OBaTejiBHOCTb, nojiyBennaH h3 Zk nyxeM ynopa^OBHBaHHa \zk\ b 
nopa^Ke BoapacTaHHH. KpoMe xoro, hm nojiyneHo ^ocxaxoBHoe ^jih fl57|) ycjioBHe b 
BH^e < oo, Zk = Xk + iyk, yu > 0, Koxopoe b cHJiy (1^ oKasBiBa- 

exc3 xaKJKe h HeoGxo^HMBiM npn ycjioBHH, bxo yk ynopa^oBenbi no Boapaoxannio, 
a Zk & C"*" jieJKax b neKoxopoM yrjie: \zk\ < cyk- Oxmoxhm, nxo npn BBinojinennH 
nocjie^nero cBoflcxBa h3 fl63|) nojiynaexcn 

OO / OO ^ \ 

||/i||p<cx) I pe(l,2). 

k=i \j=i yk + Vi J 

10. MOflHOHKALl,HH H/],: /l-CYMMEI H AMnjIHTyflHO-HACTOTHblE 

OnEPATOPbl 

Bciofly B 3XOM naparpa(|)e nepe3 f n h oGoBHanenw (jDHKcnpoBanHBie (l^yHKpnn, 
anajiHXHnecKHe b oKpecxnocxn nanana Koop^^nnax n HMeiomne npe^cxaBjiennH 

OO OO 

( 66 ) f{z) = J2fmZ^, h{z) = J2hmZ^, ^-^ 0 . 

m=0 m=0 

(ycjiOBHe na KoocJicJiHpHeHXBi h naKjia^BiBaexcn 3flecB ^jin npocxoxw HBJioJKennn; b 
o 6 n];eM cjiynae ^ocxaxonno BBinojiHenna HMnjiHKapnn 7 ^ 0 ^ /im 7 ^ 0, cm. [50]). 
KpoMC xoro cnnxacM, nxo h aHajinxnnna b Kpyre Dr := {z : \z\ ^ r} c ncKoxopoM 
4)HKCHpOBaHHBIM r > 0. 

10.1. HHTepnojiaii,H5i na/i,e /i-cyMMaMH, npHMeneHHe b hhcjighhom anajiH- 

3e. B paGoxe |50) BBe 7 i,eHBi xan naBBiBaeMBie h-cyMMU 

n 

(67) Hr,{z) = Hn{{Xk},h]z) = 'Y^Xkh{\kz), z,XkeC, neN, 

k=l 

r 7 i;e h — 6a3ucHaH cJ^ynKpHa h 3 fl 66 |) . \z\ < r |Afc|“^. Ecjih b KanecxBc 6 a- 

3HCHOH 4)yHKn,HH BBiGpaxB, HanpHMcp, h{z) = [z — 1)”^, xo /i-cyMMa 6 ypex hmoxb 
BH p H/I, c nojiiocaMH — xcm caMWM /i-cyMMw aBjiaioxca ecxecxBennBiM 0606 - 
rpenneM H/I,. 

B [50] paccMaxpHBajiacB 3apana Ilape-HHxepnojiapHH 

(68) f{z)-Hn{z)=0{z^), z^O, 

Koxopaa, oneBHpno, oGoGipaex paccMoxpennyio b ^6.71 C ynexoM fl66|) jierKo npoBc- 
pnxB, nxo (168|) paBHOcnjiBHO cncxcMe ypaBnennH pjia cxenennBix cyMM nnceji A^: 

(69) Sm+l (Al, . . . , Afi) . % A^ Srai Sm ■ fm/hmi 1X1 0, 1. 

r ^k=l 

Kan yjKe roBopnjiocB b ^6.11 3xa cncxcMa Bcerpa pa3pemHMa, Xk aBjiaioxca kophhmh 
MHoronjiena, nocxpoennoro Kan n fH5]) . no c BaMenon fm na (—Sm)- 

B [5Ulll04| Gbijih nojiynenw openKH BejiHnnn |Afc| n \0{z‘^)\ npn onpepejiennBix 
orpaHnnennax na nncaa |sm| h panw openKH ocxaxonnwx naenoB HHxepnoaapnn. 
HanpHMep, npn ycaoBnax .xcmmbi 16711 cvmmbi Hn cxopaxca k / paBHOMcpno b aio6oM 
Kpyre \z\ ^ r(l — 5) a~^, S G (0,1), npnneM 

\Hn{z) - f{z)\ ^ {e6)-\l - esr, 9 G (0,1), n ^ n,. 

Ilpn 3XOM papnyc a Kpyra cxopnMocxn ne Moacex 6 bixb yBeannen, a nncao 1 — 66 b 
opeHKe ne Moacex 6 bixb BaMeneno nncaoM MennumM 1 — ^ (cm. m)- 
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B ^ajibHefimeM /i-cyMMt.i npaMenajiHct. Kax onepaxopbi hhcjichhofo flH(|)4)epeH- 
pHpoBaHHa, HHTerpnpoBaHHa h 9KCTpanojiHn;HH na onpe^ejieHHBix Kjiaccax anajin- 
THHecKHx (jDyHKpHH [^110 H - flOS] ■ B 3TOM cjiyHae nncjia Xk yjxe ne saBHcax ox bh x b- 
BH^yajiBHBix (|)yHKn;HH h HMeiox yHHBepcajiBHBifl xapaxxep. HanpnMep, b [50] nafl- 
^eHBi cjie^yiomHe xoHHBie na MHoroHjienax cxenenn ^ n — 1 (j3opMyjiBi hhcjichhoxo 
^H cJicJiepeHpHpoBaHHH H HHxerpHpoBaHHa: 

n pz ^ 

(70) zh'{z) K.-h{z)+ ^Xi^kh{\kz)\ / h{t) dt ^ z^X 2 ,kh{X 2 ,kz). 

k=i k=i 

S^ecB HHCJia Xi^k — aOcojiioxHBie nocxoHHHBie, aBjiaroipHeca kophhmh MHoroHjienoB 
Pi^n = 1,2), KoxopBie MOJKHO onpe^ejiHXB pexyppeHXHo cjie^yiomHM oGpaaoM. 
IlycxB Pi^o = 1, vi^i = —1 (/ = 1, 2). Tor^a npn k = 1,2,... HMeeM 


Pl,k XPlk—1 '^l,ki 'k}\^k 





+5: 


i=i 


^2,j 

kik-jY 


riepBaH (JiopMyjia h3 (ITU]) Gbijia o6o6in;eHa b |104) na cjiynaH jiioGoro nopa^xa 
(JiepeHpHpoBaHHH. B paGoxax [TOTHTIin] paccMaxpHBajiHCB annpoxcHMapHH onepa- 
xopoB Gojiee oGipero BH^a — ^HclxJiepeHpHajiBHBix nojinnoMOB. TaM noxasano, hxo 
npH (JiHXCHpoBaHHOM HaxypajiBHOM q h jiioOom naxypajiBHOM n > q + 5 cyipecxByiox 
xoMHjiexcHBie HHCJia Xk, |Aa;| < 1, saBHCHipHe xojibxo ox g h n, xaxne, hxo HMeex 
Mecxo npnOjiHJxeHHoe paBencxBo 


y^^Pshg_sZ'‘~" 

S=1 


5^P(Afc) h{Xkz), 

k=l 


N := [n/q]. 


r^e P = — npoHSBOJiBHBiH MHoroHjien cxenenn ^ q. IIorpemHocxB cJiopMy- 

jiBi HMeex nopH^ox o(n“"/'^), n —>■ oo, npn jiioOom cJiHxcHpoBaHHOM z. 

Eipe o^HHM npHMepoM HcnojiBsoBaHHH h-cyMM B HHCJieHHOM anajiHse HBjiaexcH 
Mexofl oxcxpanojiHpHH, npe^jiojxeHHBiH b pniiosj . IIoxaaaHo, hxo npn a > 1 nafi- 
^excH aaBHCHipee xojibxo ox a h n MHOJxecxBo co cbohcxbom 

max |Afc| ^ a — (a — l)n“^, Sm{Xi,..., A„) = a^~^, m = l,n, 

k=l,n 


oxxy^a flJiH (JiyHxpHH h nojiyHaexcH SKcmpanoAji'quoHHasi cJiopMyjia h[z) ~ hY^\z), 

r^e /i G N H 

n 

(71) hP{z)= Y. ■ ■ ■ K''. 

( 3 xa (JiopMyjia HBjiHexca sxcxpanojiapHOHHOH b xom cmbicjib, hxo aHaneHHH (|iyHx- 
pHH h BBipajxaioxcH Hepes ee sHaHeHHH b xonxax c MeHBmHMH Mo^yjiHMH.) 

IloxasaHo [^1105] . Hxo npH onpe^ejieHHOM tq, tq < r, aa cnex cCajiaHCHpoBan- 
Horo BBiOopa napaMexpoB pun mojxho cxojib yro^Ho xohho axcxpanojinpoBaxB 
SHaHeHHH h Ha oxpyjxHocxB \z\ = r h 3 xpyra \z\ ^ tq (x.e. Bce yajiBi sxcxpano- 
jiHpHH Afcj • ■ ■ Xk^a~^z jiejxax b xpyre \z\ ^ tq). IIpH 3 xom ^jih ocxaxoHHoro Hjiena 
rn{z) := h{z) — hY^\z) HMeeM |105] : 

°° / / c \ M\ °° 

(72) r„(^) = ^ h - ( ^ j j \r^{z)\ ^ |/i,n|kr, G P.. 




aP 


<(i- 


a—1 \ ^ 
an ) 


Z\. 


m=n 


m=n 
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SaMexHM eme, bto npn yBejiHBenHH /i c (|)HKCHpoBaHHL.iM n pa^nycBi KpyroB, 
B KOTopBix jieJKax ysjiBi 3Kcxpanoji5mHH, cxpeMaxcH k nyjiio kbk reoMexpHBecKaa 
nporpeccHH (bhcjio ysjioB, ecxecxBeHHo, Boapacxaex), cm. fl7T]) . O^naKo openKa no- 
rpeniHocxH h 3 fl72|) ne yxypmaexcH, x.k. npocxo ne saBHCHx ox p. B |in5) npHBepeHBi 
npHMepBi, peMOHcxpnpyiomHe onpepejieHHBie npcHMyipecxBa yKaaaHHofi OKcxpano- 
jiHpHH nepep xpapHpHOHHofi HHxepnojiHpneH (hjih OKCxpanojiapHefi) b Kopnax h3 

enpHB TT BT. 

10.2. HHTepnoji5iii,H5i aMnjiHxypHO-HacTOTHMMH cyMMaMH. PeryjiapHsapHa. 
BIS 1 IID 1 E 2 ] npepjiojKCHo ecxecxBeHHoe oGoGmenne h-cyMM — aMnAumydno-Hacmom- 
Hue onepamopu (cyMMu) BHpa 

n 

]■, "{Afc}, /l, z'j . ^ ^ /i/j, G C, 

k=l 

rpe aMUAumydu pk h nacmomu Xk — He3aBHCHMBie ppyr ox ppyra napaMexpBi. 
Kax H /i-cyMMBi, aMnjiHxypno-BacxoxHBie onepaxopBi npHMeHHjiHCB h pjia annpoK- 
CHMapHH OXpejIBHBIX aHajIHXHBCCKHX (JiyHKpHH / (h XOXpa Xk = Xk{f,h,n), Pk = 
Pk{f,h,n)), H KaK cnepnajiBHBie onepaxopBi (HHxerpnpoBaHnn, pncJicJiepeHpHpoBa- 
HHH H sKcxpanojinpnn), peHcxByroipne na onpepejiennoM Kjiacce (n xorpa Xk = 

Afc(n), pk = / 4 fe(^^)) [SIII 01 IS 3 • 

B cjiynae aMnjinxypno-nacxoxHBix cyMM pa3yMHo cxaanxB 3apany ynce 2n-KpaxHOH 
Ilape-HHxepnojinpHH (JiynKpnn / b xonxe z = 0: 

(73) f{z)='Hn{{pk},{Xk},h]z) + 0{z‘^"’), z^O, 

nxo paBHocHjiBHo BBinojinennio cjiepyroipnx ycjioBnn na xax naBBiBaeMBie o6o6iu,eH- 
Hue cmeneHHue cyMMU [MOMeumu) (cp. c flOOp B 

n 

(74) iSm • ^ ^ f^kXk ■ fm/hmi ^ 0, 2,71 1. 

k=l 

3xy CHCxeMy oxnocnxejiBHO nenBBecxHBix Xk, Pk npn H3BecxHBix npaBBix nacxnx Sm 
Ha3BiBaiox aadaueu ducKpemnux MOMenmoe. IlpoGjieMe paBpemnMocxn oxon 3apa- 
nn nocBnipeHBi KjiaccnnecKne xpypBi Hponn, CnjiBBecxpa, PaManypncana n paGoxBi 
MHornx coBpeMeHHBix aBxopoB (cm. da El [13 EQl EH EH). 3xa 3apana xecno cbs- 
3aHa c raHKejieBBiMH cJiopMaMH, opxoronajiBHBiMn MHoronjienaMH, KBappaxypnBiMn 
(JiopMyjiaMH Baycca n annpoKCHMapnnMH Ilape. 

Cjiepyn ca , Ha30BeM coBMecxnyio cncxeMy dZH) H ee pemenne pedyAsipHUMu, ecjin 
Bce Xk nonapno paBJinnnBi, a Bce pk oxjinnnBi ox nyjin. JXjis pemenna peryjinpnBix 
CHcxeM cyipecxByex KjiaccnnecKHn Mexop Hponn (cm. dSlEZlEl]). B 3XOM cjiynae 
KjnoneByio pojiB nrpaex npouseodnipuu Mnoronjien 




1 

A 

X^ 

... A” 


n 

So 

Si 

S2 

• • • 

(75) 

Gn{X) ■.= Y,9mX^ = 

Si 

S2 

S3 

• • • '^n+1 


m=0 

■^n—1 


Sn+1 

• • • S2n-1 


nocxpoennwii no nncjiaM Sm, m = 0, 2n — 1, h3 dZH). PeryjinpnBiH cjiynaii xapax- 
xepHByexcn xcm, nxo cxenenn Mnoronjiena panna n n Bce ero Kopnn nonapno 
pa3JiHnnBi. 3xh Kopnn n paiox nyjKnwe nacxoxBi Xk - SaxeM naxopnxcn n aMnjinxy- 
pBi Pk H3 jinneiinoH oxnocnxejinno nnx chcxcmbi fl74p . 
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IIpHMep 10.1 . riycTL. h — anajiKTHHecKaH b r-oKpecTHocxH nanajia (jDyHKpHH, 

1 r 

f(x) := — / hit) dt, 0 ^ X < r. 

X J-x 

HecjiojKHo npoBepHTB, hto b flannoM cjiynae cncxeMa (17^ peryjiapna. Ee pemeHne 
MexoflOM ripoHH no3BOJi5iex nocxpoHXB onepaxop {A^}, /i; a:) HHCJieHHoro 

HHxerpHpoBaHH3 — KBa^paxypHyio cJiopMyjiy Faycca 

f{x) K. {Afc}, h] x), 

r^e HacxoxBi A^ BeipecxBeHHBi, nonapno pasjiHHHBi h jieacax na HHxepBajie (—1,1), a 
aMnjiHxy^Bi nojiojKHxejiBHBi. Xopomo HSBecxHo (cm., nanpHMep, Eji. 7, §2]), 
Hxo (|)opMyjiBi Faycca hmciox HaHBBicniHfl nopa^oK xohhocxh cpe^n Bcex KBappa- 
xypHBix (JiopMyji nopa^Ka n h xohhbi na MHoroHjienax cxenenn 2n — 1. 

Bo 3HHK Bonpoc O nOCXpOCHHH CXOJIB JKC BBICOKOXOHHBIX HHXepnOJI5IIi;HOHHBIX (JiOp- 
Myji flji3 onepaxopoB hhcjichhoxo ^HcJicJiepeHpHpoBaHHH h sKcxpanojiapHH [8] . O^na- 
Ko B 3XHX cjiynaax ycjiOBHH peryjiapHocxH ne BBinojinaioxca h, 6ojiee xoro, ^jih hhc- 
jicHHoro ^HcJicJiepeHpHpoBaHHH cooxBexcxByromaH sap^ana momchxob bobcc hc hmccx 
pemeHHH. 

AIjih npeoflOJieHHH 3xoh xpy^HocxH b |S] npeflJioJKCH mcxo^ anajiHXHHecKOH pe- 
ryjiHpHBapHH sapana 2n-KpaxHOH HHxepnojiapHH nyxcM ^oOaBjieHHH k HHxepnojiH- 
pycMOH (JiyHKpHH / cnepnajiBHoro OnHOMa BH^a b(z) := phn-iz"'~^ + q h2n-iz‘^^~^ 
c xcM ycjioBHCM, hxoGbi pjis (jDyHKpHH f + b sapana frM|) Gbijia peryjiapnoH. Tor^a 
Mexofl IIpoHH ^aex «no;];npaBjieHHyio» HHxepnojiHpnoHHyio cJiopMyjiy 

(76) f{z) = -p K-lZ'^~'^ - q h 2 n-lZ^'"~^ + Un{{Pk}, {Afc}, h] z) + 0{z^'^). 

B paccMaxpHBacMBix b j2] npHjiojKCHHax Baxcno, hxoGbi pvLq Ba^aBajincB aBHBiMH 
(JiopMyjiaMH, noBBOJiHiomHMH nojiynaxB opchkh aMnjiHxy^, nacxox h ocxaxoHHBix 
HjicHOB HHxepnojiHpHH. OcxaHOBHMCH Ha 3XHX BOHpocax Ho^poGHefi. 


10.3. HncjieHHoe /],HcJ)cJ)epeHii,HpoBaHHe nocpe^CTBOM aMnjiHTy/i,HO-HacTOT- 
Hfcix onepaxopoB. PaccMoxpHM Ba^any 2 n-KpaxHOH HHxepnojiHpHH (JiyHKpHH zh'{z) 
nocpe^cxBOM onepaxopoB 'Hn-, r^e b KanecxBe 6 a 3 HCHOH BBiOpana caMa (JiyHKpHH h. 
Mbi npHxo^HM K HeperyjinpHOH Ba^ane ^HCKpexHwx momchxob fl7^ . r^e Sm = 
lIpHMeHHM Mexofl peryjinpHBapHH, b3hb 


q = qoip) 


^ p (3p + - 1) 

(n - 1) (n - 2) ’ 


p e C. 


Torp;a npoH3Bop;Hn];HH mhotohjich pjis zh'{z) + b{z) npHMex cjiep,yion];HH bh^; 


(77) G^A) =gJX^- 


6A(A 


n—1 


(n — 1)A + n — 2) 


(n-l)(n-2) (A-1)^ 


+ 2 + 


6p 


(n — 1) (n — 2) 


npHHeM CKOJIB yrop;Ho Majiofl BapHapneH p Bcerp;a mojkho p;o6hxbch, hxoGbi Bce n 
KopHeii 3X0X0 MHoronjieHa 6bijih nonapno paBJinnnBi n mbi hmcjih peryjinpHBin cjiy- 
naii. Tcm caMBiM, nojiynaexcn cJiopMyjia fl76|) c f{z) = zh'{z), rp;e nacxoxBi A^ — 
nonapno paBJinnnBie Kopnn MHoronjiena (1771) . a aMnjiHxyp;Bi pk op,H03HanHO onpe- 
p;eji5noxc5i no 3xhm KopnnM. SaMexHM, nxo pk = Pk{p, n) n Xk = Xk{p, n) ne Banncax 
ox BHp;a anajinxnnecKOH (JiynKi^nn h bb 3xom cmbicjic nBjinioxcH ynnBepcajiBHBiMn 
(b |S] 6bijih nojiyneHBi neKoxopnie openKn | A^ |, opeHKn cooxBexcxByroipnx aMnjinxyp; 
— BOnpOC OXKpBIXBin). 
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IIojiyBeHHaH cJiopMyjia BHCJieHHoro flH(|)(|)epeHii;HpoBaHHH xoBHa na MHoroBjienax 
cxeneHH ne Bbime 2n — 1. IIpH sxom xpeGyexca anaxB xojibko n sHaBennH cJiyHKpHH 

h H flBa (JiHKCHpOBaHHBIX SHaBeHHH 66 npOHSBO^HBIX B XOBK6 Z = 0. Tpa^HpHOHHBIH 
HHXBpnOJIHpHOHHBIH HO^XOfl npH XaKOM KOJIHB6CXB6 H3B6CXHBIX 3HaB6HHH n03B0JIH6X 
nojiyBHXB, Boo6iri;6 roBopa, xojibko nopa^oK (cm. [2l 11 ^11^ 12211^ ). 


10.4. 3cTpanoji5iii,H5i nocpe^CTBOM aMnjiHTy;j,HO-HacTOTHbix onepaxopoB. 

3Kcxpanoji3n,HH nocpo^cxBOM onopaxopoB T-Ln yjiyBinaox KaBocxBo oKcxpanojiHpHH 
/i-cyMMaMH (cm. ^10.11) . IlycxB a > 0, a h — cjiyHKpHH, aHajiHXHBccKaa b HCKoxopoM 
Kpyrc \z\ < r. Ecjih cJiyHKpHio h{az) HHXcpnojinpoBaxB nocpc^cxBOM aMnjiHxy^HO- 
BacxoxHoro oncpaxopa 'HniifJ'k}, {^k}, h; z) (b KanccxBc 6a3HCHOH BBiGpana caMa 
h), xo, KaK H B cjiynac flH(|)(|)6p6Hii;HpoBaHHH, mbi nojiynacM Hcpcryjiapnyio Ba^any 
MOM6HXOB C Sm = 0,"^■ B [S] nOKa3aHO, BXO OHa p6ryjI5ipH3y6XCJI, HanpHMCp, BBiGopOM 
P > 0 H g = 0. ripH 9XOM npOH3BOp;5IILi;HH MHOrOBJI6H npHHHMaCX BHp; 


Gn(A) = Pn A" - 




na 


n—1 


+ p A — a 


H BC6rp,a HM66X U HOnapHO pa3JIHBHBIX KOpH6H TaKHM o6pa30M, npH yxa- 

3aHHBix napaM6xpax png cnpaB6p;jiHBa HHxcpnojBipHOHHaH cJiopMyjia 


(78) h{az) =-p hn-iz^ ^ + Hn{{pk}, {^k}, h; z) + rn{z), 


Tr^iz) = 0 (^ 2 -), 


xoBHaH Ha MHoroHji6Hax cxcncHH H6 BBimc 2n — 1. 3p,6CB, KaK H B np6p;Bip;yiu;6H 3a- 
p,aH6, HacxoxBi H aMnjiHxyp;Bi h6 3aBHcax ox h. B fl78|) p;jiH bc6x nacxox cnpaB6p;jiHBBi 
H6paB6HCXBa 

|Afc| < ^a; 5 ■.= {l + p/ (na"'“^)) < 1, 

X.6. (jiopMyjia fl78p hbjihcxch sKcxpanojiHpHOHHofi. IIpH sxom p,ji5i ocxaxoHHoro Hjicna 
OKcxpanojiHpHH H3 fl78|) cnpaB6p;jiHBa cji6p;yioiu;aH, h 6 3aBHC5iiLi;a5i ox p, opcHKa 

OO 

K{z)\ ^ ^ \fm\\az\'^. 

m=2n 

H3 3X0X0, B CBOIO OHCpCpB, BBIXCKaCX, HXO X60p6XHH6CKa5I HOXpcmHOCXB SKCXpaHO- 
JIHPHH H6 B03paCXa6X HpH H3M6H6HHH HapaMCXpa p. C PpyXOH CXOpOHBI, B CHJiy 
CBOHCXB B6JIHHHHBI 6 = 6{n,a,p) HpH B03paCXaHHH p H (JiHKCHpOBaHHBIX HpOHHX 
napaMCXpaX y3JIBI SKCXpanOJIHpHH CXHXHBaiOXCH K XOHKC Z = 0 — B03HHKa6X hhxc- 
P6CH06 5IBJI6HH6 CXaXHBaHHH y3JIOB OKCXpaHOJIHpHH B OpHy XOHKy 663 BJIHHHHH Ha 
OH,6HKy norp6mHocxH. AnajiorHHHBiH 34)4)6 kx yH<;6 oxM6HajiCH b cxopHBix 3apaHax 
pjIH h-CyMM pUlllOS] (xaK>K6 CM. BBT TTT 6 ^10. ip . 

B 3aKJHOH6HH6 OXM6XHM, HXO oGbIHHO HpH ?7,-XOH6HHOH HpOCXOH HJIH KpaXHOH 
OKcxpanojiHpHH Ha ochobc mhoxohjichob JIarpaHJKa h ppyxHx cxopHBix annapaxoB 
HOJiynaioxcH SKCxpanojiHpHOHHBic cjiopMyjiBi, xohhbic na MHoroHjicnax nopapna h6 
BBT TTT6 H — 1 — CM. XaKH6 (JlOpMyjIBI, HanpHMCp, B [23l[6ni[Tn5]. nOJiyH6HHBI6 B n- 
XOH6HHBI6 3KCXpanOJI5IH;HOHHBI6 (jlOpMyjIBI XOHHBI Ha MHOXOHJICHaX HOpHpKa 2n — 1, 
npHH6M ypB06HH6 HOpHpKa XOHHOCXH pOCXHXaCXCH 3a CH6X BBCpCHHH JIHIHB OpHOXO 
p6ryjiHpH3yK)iii;6ro cxchchhoxo cjiaracMoro phn-iz"'~^. 
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EXTREMAL AND APPROXIMATION PROPERTIES 
OF SIMPLE PARTIAL FRACTIONS 

V. I. DANCHENKO, M. A. KOMAROV, P. V. CHUNAEV 

Abstract. In approximation theory, logarithmic derivatives of complex polynomials 
are called simple partial fractions {SPF) as suggested by Eu. P. Dolzhenko. Many solved 
and unsolved extremal problems, related to SPF, are traced back to works of G. Boole, 
A. J. MacIntyre, W. H. J. Fuchs, M. Marstrand, E. A. Gorin, A. A. Gonchar, Eu. P. Dol¬ 
zhenko. At present, many authors systematically develop methods of approximation and 
interpolation by SPF and several their modifications. Simultaneously, related problems 
appear for SPF: inequalities of different metrics, estimation of derivatives, separation of 
singularities, etc., being of independent interest. 

We systematize such problems, known to us, to some extent in Introduction of this 
survey. In the main part, we formulate principal results and outline methods for their 
proofs if possible. 



